PRIME REGULAR HOPE ALGEBRAS OF GK-DIMENSION ONE 

. . . K.A. BROWN AND J.J. ZHANG 
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f**^ ' Abstract. This paper constitutes the first part of a program to classify all 

^vj ^ affine prime regular Hopf algebras H of Gelfand-Kirillov dimension one over 

an algebraically closed field of characteristic zero. We prove a number of 
properties of such an algebra, list some classes of examples, and then prove 
that - when the Pl-degree of H is prime - our list contains all such algebras. 
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0. Introduction 



0.1. Recent years have seen substantial progress in our understanding of (infinite 
dimensional) noetherian Hopf algebras [BGll ILWZi IWZli IBZj . One noteworthy 
i-G ' aspect of this development has been the increasing role of homological algebra - for 

C^ , example, it was shown in [WZ1| that every affine noetherian Hopf algebra satisfying 

a polynomial identity is Auslander-Gorenstein and Cohen-Macaulay, and hence, by 
pZ.. Lemma 6.1], is Artin-Schelter (AS) Gorenstein; see (|1.2p for the definition of 
the latter condition. 

Recall that, by fundamental results of Small, Stafford and Warfield [SSWj . a 
\f^ ' semiprime affine algebra of GK-dimension one is a finite module over its center, 

l/^ , which is afhne and hence noetherian. Given the homological developments men- 

C^^ ' tioned above, it seems to us a feasible target to determine all prime affine Hopf 

~~^^ , algebras of GK-dimension one. In this paper we begin the campaign by considering 

f^ ' the case where 

H is an ajjine noetherian Hopf algebra over an algebraically closed 
field k of characteristic 0, and H has GK-dimension one and is 
prime and regular. 
Throughout, we'll say that H satisfies hypotheses (H) when the displayed condi- 
tions are in force. Here, regular means that H has finite global dimension, say 



H I d. In fact the Cohen-Macaulay property of H forces d = 1 here, so the objects of 

study are hereditary noetherian prime rings. 



0.2. Examples. By a basic result in the theory of algebraic groups |Hu|, Theo- 
rem 20.5], there are two commutative Hopf fc— algebras which are domains of GK- 
dimension one, namely fc[x] andfc[a;^^], the coordinate rings of (fc, -I-) and (fc\{0}, x) 
respectively. Since these groups are abelian, their coordinate rings are cocommuta- 
tive; if one retains the cocommutativity hypothesis, but drops commutativity, then 
the only additional algebras satisfying (H) which enter the arena are the group 
algebras fcD of the infinite dihedral group l\3.'2\i , and the algebras which we call here 
the cocommutative Taft algebras. These, discussed in p.3p . are skew group algebras 
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of a finite cyclic group (g) of order n, acting on k[x], with gxg^^ ~ £,x, where ^ is 
a primitive nth root of one in k. 

For each n > 1 there is a finite collection of noncocommutative Taft algebras 
H{n, t, ^), also defined in (|3.3p . for ^ a primitive nth root of one in k. (Here, k can 
be any field containing a primitive nth root of unity.) The algebras H{n,t,^) are 
well known, being factor algebras of a Borel subalgebra of t/c(sl(2, k)). 

The above are not, however, the only examples of algebras satisfying (H). A 
further class of examples was discovered by Liu [Liuj in 2006: these are built by 
letting a skew primitive element y "of finite index of nilpotcncy n" act on /c[a; ] by 
setting yx — ^xy, and forming a "non-split" extension. Liu's algebras are recovered 
as a special case of a larger class of algebras in p.4p . where we show that his 
construction can be extended to include Hopf algebras built over the group algebra 
kiCoo X Cb), where b is an arbitrary divisor of n. 

In all the examples listed in this subsection, the Pl-degree of the algebra is n, 
(where, of course, n = 1 for the commutative algebras and n = 2 for fclD). 

0.3. Prime Pl-degree. It may be that the only algebras H satisfying (H) are 
those listed in (j0.2[) . but we cannot prove this at present. However it is a corollary 
of our main result that 



if H satisfies (H) and the Pl-degree n of H is prime, then H occurs in W.2\) . 

To give a more precise statement of our main result and some idea of its proof, we 
must introduce some homological algebra. 

0.4. Integral order and integral minor. A fundamental tool for the study of 
algebras satisfying (H) is the homological integral /^ defined in [LWZj . This is 
the one-dimensional fc— vector space and _ff— bimodule Fixtff{k, H), where k here 
denotes the trivial left 7J— module. Let tt : H ^ k he the algebra map given by the 
right structure of J^^. As we recall in (|2.ip . tt determines groups G^ and G^ of left 
and right winding automorphisms of H. In our setting, and indeed for any affine 
Hopf algebra which is a finite module over its center, 

n:=|G5,| = |G;|<oo, 

(Theorem 12. Sf c)): the integer n is called the integral order of H, denoted io{H). 

When H is commutative, tt is - clearly - the counit e, and so io{H) = 1. So, 
speaking crudely, io{H) is a measure of the noncommutativity of iJ; and indeed it 
will become apparent from our results that, for H satisfying (H), io{H) = 1 only 
\i H is commutative. Notice also that, when H is cocommutative, G^ = G^; so we 
can encode the "degree of cocommutativity" of H by means of the index 

(0.4.1) im(i7) := |G^ :G^nG;|, 

which we call the integral minor of H, (j2.4p . Thus, when H is cocommutative 
im{H) = 1, and, paralleling the corresponding statement for io[H), it will follow 
from results in §4 that, when H satisfies (H), im{H) = 1 only if H is cocommuta- 
tive. 

The connection between the integral order and noncommutativity is in fact more 
far-reaching than indicated above. By results of |LWZ| recalled in §2, for any prime 
regular affine PI Hopf fc— algebra, the integral order is a lower bound for the Pl- 
degree; and 

(0.4.2) when H satisfies (H), io{H) = PLdeg(iJ). 
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In other words, for algebras H satisfying (H) "the non-commutativity of the algebra 
is entirely encoded by the integral /jif-" 

0.5. Main theorem. We can now state the main result of this paper: 

Theorem. Let H be a Hopf algebra satisfying (H.), and suppose that the integral 
minor im{H) is either 1 or io{H). Then H is one of the algebras listed in Ii0.2\} . 

In view of (j0.4.2p and (|0.4.ip . the corollary stated in ((0?3| follows. 

It's worth noting that all the algebras appearing in (|0.2p are pointed. We do 
not know whether this is true for all prime affine noetherian Hopf fc-algebras of 
GK-dimension one, nor whether there is a direct way to prove pointedness, without 
proceeding first to list all the algebras. 

The first steps in the proof of the theorem are valid in a much more general 
setting: we show in §2, building mainly on work from [LWZJ . that if a Hopf algebra 
A has finite integral order n, where n is a unit in k, then A is strongly graded by 
the cyclic group of order n, in two different ways, with identity components the 
invariant algebras A ^ and A^-^ . When A is in addition regular affine semiprime 
and has GK-dimension one, these two invariant algebras, and their intersection, are 
affine Dedekind domains (Theorem 12. 5[) . 

§4 covers the easy case of the main theorem, namely the case where the Hopf 
algebra H satisfies (H) and im{H) = 1. Under these hypotheses, Hq := H'^^ — 
H'^^ and this Dedekind domain is a Hopf subalgebra of H. At this point a pivotal 
dichotomy comes into play: Hq must either be k[x] - the primitive case; or Hq is 
fc[a: ] - the group-like case. When im{H) = 1 it's not hard to show that in the 
primitive case H is a cocommutative Taft algebra, and in the group-like case it's 
the group algebra of the dihedral group. 

The proof of the case im{H) = io{H) of the main theorem occupies §5 and 
§6. In §5 an analysis of algebras strongly graded by a finite abelian group, with 
commutative component of degree 0, culminates in the conclusion that, if H satisfies 
(H) and io{H) = im{H), then the Dedekind domain Hq := H'^^ DH'^^ is the center 
of H and is a Hopf subalgebra, whence it is either k[x] or k[x ]. The dichotomy 
mentioned in the previous paragraph therefore features again, and in §6 this is 
exploited to show that only the algebras of §3 can occur. This is achieved by first 
studying the finite dimensional Hopf algebra iJ/(kere n Hq)H, which we call the 
twistor of H, and then lifting its structure to describe H itself. 

Finally, in §7, we discuss a number of questions and conjectures arising from this 
work. 



1. General preparations 

1.1. Standard notation. Throughout, k will denote an algebraically closed field. 
Unless stated otherwise all vector spaces are over fc, and an algebra or a ring A 
always means a fc-algebra with associative multiplication tua and with unit 1 . All 
A-modules will be by default left modules. Let yl°P denote the opposite algebra of 
A. 

When A is a Hopf algebra we shall use the symbols A, e and S respectively 
for its coproduct, counit and antipode. The coproduct of a G A will be denoted 
by A(a) = X) '^i "^ "^s- The dual Hopf algebra of A will be denoted by A° . For 
background regarding Hopf algebras, see for example |Mo| . 
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1.2. Artin-Schelter condition. While our main interest is in Hopl algebras, the 
following two key definitions apply more generally to any noetherian augmented k- 
bra - that is, a noetherian fc— algebra A with a fixed augmentation e : A — > k. 



Definition. Let {A, e) be an augmented noetherian algebra. 

(a) We shall say A has finite injective dimension if the injective dimensions of 
aA and A^, injdim^A and injdim^l^, are both finite. In this case these 
integers are equal by [Za| , and we write d for the common value. We say 
A is regular if it has finite global dimension, gldim^A < oo. Right global 
dimension always equals left global dimension [We) Exercise 4.1.1]; and, 
when finite, the global dimension equals the injective dimension. 

(b) Write k for the trivial y4-module A/kere. Then A is Artin-Schelter Goren- 
stein, which we usually abbreviate to AS-Gorenstein, if 

(ASl) injdim^^ = d < cxd, 

(AS2) diiRk Ext^(AA:, aA) = 1 and Ext\{Ak, aA) = for aU i ^ d, 

(AS3) the right A-module versions of (AS1,AS2) hold. 

(c) If, further, gldimv4 = d, then A is called Artin-Schelter regular, usually 
shortened to AS-regular. 

1.3. Homological integrals. Here is the natural extension to augmented algebras 
of a definition recently given in J^WZJ for Hopf algebras. This definition generalises 
a familiar concept from the case of a finite dimensional Hopf algebra [Moi Definition 
2.1.1]). 

Definition. Let {A, e) be a noetherian augmented algebra, and suppose A is AS- 
Gorenstein of injective dimension d. Any nonzero element of the one-dimensional 
j4— bimodule Ext^(^fc, ^^A) is called a left homological integral of A. We denote 
Extj^{Ak, aA) by f^. Any nonzero element in Ext^op(/cA, ^a) is called a right ho- 
mological integral of A. We write J^ = Ext^op(fcA,^A)- Abusing language slightly, 

we shall also call /^ and /^ the left and the right homological integrals of A respec- 
tively. When no confusion as to the algebra in question seems likely, we'll simply 
write / and / respectively. 

2. Classical Components 

Although our primary goal is to classify affine prime regular Hopf fc-algebras 
of GK-dimension one, we give in this section some preliminary results in a more 
general setting than is strictly needed for this classification, in the hope that some 
of these ideas will prove useful in future work. Thus, throughout Sj^l A will be an 
arbitrary Hopf /c-algebra. 

2.1. Hopf subalgebras associated to winding automorphisms. Given an al- 
gebra homomorphism tt : ^ — > fc, we write 5^ for the left winding automorphism 
of A associated to tt, namely, 

for all a ^ A; and we use SJj. for the right winding automorphism of A associated 
to TT, defined for a G A by 
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Fix now a set 11 of algebra homomorphisms vr from A to k. Let G\j [resp. G^] be 
the subgroup of Aut/c_aig(^) generated by {Sj^ : tt G 11} [resp. {5^ : n e 11}]. Set 
Gu '■— {G\j, Gn) C Autfe_aig(^). (In applications, A will be AS-Gorenstein and we 
will take 11 = {tt} with tt the map A -^ A/r. ann(/ ).) 

Let Au [resp. A\j, A"^] be the subalgebra of invariants A'^" [resp. A"-^^, A'^n]. 
When n consists of a single map, U = {tt}, we'll write A^^, A^, A^, and G^, G\^, 
G^, for these subalgebras of A and subgroups of Autfc_aig(A). 

The action of Gjj is the restriction to the group-like elements (H) C A° of the 
rig/ii hit action of A° on A; and correspondingly for Gfj (see e.g. Mo, 1.6.5 and 
L6.6]). 

Proposition. Retain the above notation, and let tt, tt' £ H. 

('aj yl[j, Af[ anci An are subalgebras of A and An — A\j n A^. 

(b) If A is cocommutative, then A\^ — A^ — An . 

(c) (S^ (g) IdA)^ = ASj, and {Ha ® S;;)A = AS!;. Thus ^[j is a right coideal 
subalgebra of A and A^ is a left coideal subalgebra of A. 

(d) Sjj S^, — S^, Sjj . In particular, Gn is abelian if and only if G\j and GJj 
are abelian. 

(e) E";, S = S (5^)-^ Consequently, S{A{^) C A'^ and S{A^) C A[j. 

(7) (Ma «) S5,)A = (S; ® /d^)A. T/ims A(a) G A A{j if and only if A(a) £ 

Aj;^ A i/ and onZj/ i/ A(a) £ AJj (g) A[[. 
('(^J Lef An :— {a £ A \ A(a) G An An}- Then An is also equal to 
{ae A\ A(a) e A[j® A^}, 

{aeA\A{a)eA'n®A'n}, 
and 

{ae A I A(a) £ Aj^^^Ajj}. 

(h) An is a Hopf subalgebra of A. In fact. An is the largest H op f subalgebra of 
A\j, of A^ and of An- If -^n ~ ^n (o.'n-d so in particular if A is cocommu- 
tative), then An — An- 

Proof. (a,b) Clear. 

(c) Let fi denote the multiplication map A(^ A — > A. Since S^ = /^(tt O Ma) A, 

{El ® IdA)A = (^ ® IdA){n Wa «> /dA)(A ® Wa)A 
= (^ ® /(iA)(7r Ma ^ IdA){IdA <E) A)A 
= (^ (g) IdA){Idk ® A)(7r g) /dA)A 
= AS'. 

Similarly, {IdA ® S;)A == AS;. Let a £ A^. Then, for aU tt £ H, S5,(a) = a, and 
hence 

(S^ ® /dA)A(a) = A4(a) = A(a). 
Thus A(a) & A\^®A and hence A(Ajj) d A\y® A. Similarly, A(Af[) C A ® Ai;^. 

(d) Clear. 

(e) Note that (S^)-i(a) =Y,'KS{ai)a2 for all a £ A. Hence, using [Mol 1.5.10], 

S;5(a) = ^ 5(a2)^5(ai) = 5(^ 7r5(ai)a2) = 5(4)-i(a). 
Thus S'(Af[) C Afi. Similarly, 5'(Aj;[) C A^. 
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(f ) For aeA, 

(Ha (E) S^)A(a) = ^ m ® 7r(a2)a3 = ^ ai7r(a2) ® a^ == (S; (g) /dA)A(a), 

proving the first statement. Now A(a) € A (g) A\j if and only if {IdA <8) S5^)A(a) = 
A(a) for all tt G 11. By the first assertion, this happens if and only if (S^ (g) 
J(i^)A(a) = A(a), or, equivalently, A(a) G j4j^ (g) A. Using the elementary remark 
that, for subspaces A and B of a vector space C, the intersection of A (g) C and 
C(g)i? in C(g)C is y4(g)i3 to combine these equivalent statements, one sees that 
they occur precisely when A(a) S A^ (g) A\j. 

(g) Let Bi = {a€A\ A(a) € A[j g) A[j}, B2 ^ {a e A \ A(a) e AJj ® Af;} and 
B3 = {aeA\ A(a) G Af[(gA[j}. 

Clearly An is a subset of B^ for i = 1, 2, 3. By (f), Bi and B2 are subsets of B3. 
It remains to show that B^ C An- 

Suppose that a e B3. Then A(a) = X^^^i ® ^2 for some ai G Af[,a2 G A[j. 
Consequently, 

(2.1.1) a == XI '=('*i)"2 = X! "i'^("2) e AJj n Ajj = An. 

By (c), 

A(a) e (A (g A^) n (A^ g) A) n (A];^ g) A^) = An g) An- 

Thus a e An- 

(h) If 6 e An then 6 G An by (|2XT]) . 

Since An is a subalgebra of A, An is also a subalgebra of A. Since S'(An) C An, 
'S'(An) Q An- To prove An is a Hopf subalgebra it remains to show that An is a 
subcoalgebra. 

Let a e An, so that A(a) = ^ai g) 02 £ An g) An- Since A(An) C Ajj g) AJ^ 
and (Ma g) A)A(a) = (A g) /(iA)A(a), 

(Wa «) A)A(a) e (A[j «) A{^ g) An) n (An g) Ajj g) AJ^) = An g) An g) An- 

Thus A(ai), A(a2) G An ig An- Therefore, ai, a2 E An and An is a coalgebra- 
The claims in the second sentence follow from the first part together with (g)- 
Suppose finally that A\j = A^. Then by part (c) An = A\j — A^ is a sub- 
coalgebra of A- Also by part (e), S'(An) C An- Hence An is a Hopf subalgebra of 
A- Thus An = An- □ 

Write G{A°) for the group of all group-Hke elements in A° . So G{A°) is the 
character group of A; that is, by definition, it is Homfe_aig(A, k), furnished with the 
convolution product *, |BG2| 1.9-24]. We record the following obvious facts: 

Lemma. Suppose (H) is a finite abelian subgroup ofG{A°). 

(a) Gfj and G\j are finite abelian groups, isomorphic to (H). 

(b) Gu is a factor of the direct product of G\j and Gn, and in particular is 
abelian of order at most \G\j\'^ = |(H)p. 

(c) If the order |(H)| is coprime to the characteristic p of k when p > 0, then 

the character group G\j is isomorphic to G\j. 

Proof, (a) It is easy to check that the maps from G{A°) to Autfc_aig(A) given 
by TT 1-^ S^ and tt >—> 'B}^ are, respectively, a group monomorphism and a group 
anti-monomorphism. Thus the assertion follows. 
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(b) This is immediate from Proposition 12. iT d) . 

(c) This is standard. D 

2.2. Strongly graded property. Recall our standing hypotheses for § 2. In ad- 
dition we assume in this paragraph and for the remainder of this paper that S is 
bijective; since this holds when A is semiprime or satisfies a polynomial identity 
[Skj . it will be the case in the applications we have in mind. Moreover, we assume 
in this paragraph that 

(2.2.1) (n) is a finite abelian subgroup ofG{A°), 
and that 

(2.2.2) |(n)| is coprime to the characteristic p of k, when p > 0. 

It will be convenient to write G\j additively. For each x G G\j, put 
^n,x -^ {a e A \ g{a) ^ x{g)ay 9 e G{^}. 

Then A is a G^-graded algebra: A = (B ^^u y • In particular A\j g consists of the 
Gn-invariants of A, which we denoted by A\j in ^'2.1\ Similarly, A is GJj— graded, 
with components A^ for x G Gj^. The following is well-known: 

Lemma. Let G be a finite abelian group acting faithfully and semisimply on an 
algebra A, so A is G— graded, A = Q) ^qA^. If for any A^ ^ and A^i ^ 0, 

A^A^i ^ (e.g., A is a G-graded domain), then A^ ^ for all x G G. 

Proof. Let K = {x G G I A;^ 7^ 0}. Since, for any A^^ 7^ and A^, ^ 0, A^A^, ^ 0, 
if is a finite subsemigroup of G, whence ii' is a subgroup of G. Since G acts 
faithfully on A, L := {g e G | x{g) = 1, Vx G K) is trivial. \i K ^ G, then 
L ^ {!}, yielding a contradiction. D 

The next result is fundamental to our analysis. We have chosen to give a direct 
proof, but see Remark (b) below for an alternative approach. 

Proposition. Suppose (12.2. ip and (|2.2.2p . 

(a) A(A^ ,^) C A[i ,^ ®Aforallx^G{i- 

(b) A — ® 'pr^Yi ^ is strongly G\j-graded. 

Proof, (a) The assertion is equivalent to the statement that {E^. ® /(i^)A(a) = 
x(S5^)A(a) for every a G A' which follows from Proposition 12. iT c) . 

(b) For this, it suffices to show that A\j ^A\j — A\j q for all x G G[j. Since A 
is G[j-graded, we only need to show that A\j A contains 1 for all x G G[j. 

Let X G G[j and suppose there is / a e A\j By (a), A(a) = ^ ai ® 02 with 
ai G ^n,x- Since a — J2 £(01)^2, there is a 6 G ^n,x ^^'^^ that e(6) ^ 0, and after 
adjusting a we may assume that e(6) = 1. Then A(&) = ^ 61 (g) &2 with bi G A\j 
Therefore 1 = e{b) = J2 biS{b2) G A^^^^A. 

In the above paragraph, we have shown that A is strongly X-graded where 

-ft' == {x G G\j \ An,x 7^ 0}. As a consequence, if Au,x ¥" and Au,x' ¥" 0, then 
An,xAn,x' ¥= 0- By Lemma I^TT a'). G^ acts faithfully on A and by (|2.2.2p . G^ acts 
semisimply on A. Lemma \T^ above says that K = G\j. D 
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Remarks, (a) Of course the right-hand version of the proposition also holds. 

(b) In fact the proposition can be deduced from standard results on Hopf-Galois 
extensions, as follows. Suppose that n : H --> H is an epimorphism of Hopf algebras, 
with H finite dimensional. So iJ is a right iJ— comodule algebra via the map 
(t) := {1 ^ n) o A : H ^ H (E)H. Define B := H""" ^ {b e H : (t>{h) = & 1}. 
Then the inclusion of algebras B C H is i/— Galois by [Sc, Example 3.6] and |Mo[ 
Theorem 8.3.1]. We apply this with A ^ H and H = (fcG[j)* Then Tl is the 

group algebra kG\j by (|2.2.ip and (|2.2.2p . and so A is strongly G^— graded by |Mo[ 
Theorem 8.1.7]. 

2.3. Classical components. At this point we need to recall and refine some def- 
initions introduced in [LWZl §7]; at the same time we take the opportunity to 
simplify our notation. 

Definition. Let A be an AS-Gorenstein Hopf algebra with bijective antipode, and 
let TT be the algebra homomorphism from A onto A/r. ann(f.), where J. denotes 
the left integral of Definition 11.31 

(a) A^ , A^ and A^ are respectively called the left classical component, the right 
classical component, and the classical component of A. These subalgebras 
of A will respectively be denoted by Aq, Aq and Aq. 

(b) The integral order io{A) of A is the order of vr in the group G{A°). 

(c) The integral annihilator of A is the maximal Hopf ideal (see Remark (c) 
below) contained in r.ann(J'^). It is denoted by Jiq. 

(d) The Hopf algebra A/ Jiq is called the integral quotient of A, denoted by Aiq. 

Remarks A. (a) In [LWZl §7], Aq is called the classical component oi A. But, as 
we'll see in Examples 13.21 and 13.41 A^ is not always a Hopf subalgebra of A. We'll 
provide evidence below in Theorems 14.11 and 15.21 that Aq may always be a normal 
Hopf subalgebra of A when A is prime regular afhne of GK-dimension one, so the 
present definition seems more appropriate. 

(b) By Lemma ElUa), io{A) = |G5,| = |G;|. 

(c) It is easy to see that there is a unique largest Hopf ideal contained in any 
(two-sided) ideal of a Hopf algebra, so Jiq is well-defined. Since the antipode 5* 
is bijective, S{Jj^) = /^, and so the definitions of the integral annihilator (and 
thus the integral quotient) are right-left symmetric: Jiq is the biggest Hopf ideal in 
l.ann(J^). In a similar fashion one can check that the various classical components 
can all equally well be defined using the left annihilator of the right integral. 

(d) It will be convenient later (see Hypotheses ()2.5p ) to extend the use of the 
notation Aq,Aq,Aq in Definition 12. 3f a) to cases where the algebra homomorphism 
TT is not necessarily given by the left integral. 

Let us now review some basic facts about how the above concepts behave in the 
case of a Hopf algebra which is a finite module over its center. Recall that, if Z is an 
Ore domain, then the rank of a Z- module M is defined to be the Q(Z)— dimension 
of Q{Z) ®z M, where Q{Z) is the quotient division ring of Z; the rank of a right 
Z-module is defined analogously. Let R be any algebra. The Pl-degree of R is 
defined to be 

PI-deg(-R) = min{n | R '— > AIn{C) for some commutative ring G} 
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(see |MR| Ch. 13]). If _R is a prime PI ring with center Z, then the Pl-degree of R 
equals the square root of the rank of R over Z. 

Part (b) below was previously known only under the extra hypothesis that A is 
regular [LWZl Lemma 5.3(g)]. 

Theorem. Let A be an affine Hopf k-algebra which is a finite module over its 
center. 

(a) A is noetherian, AS-Gorenstein and has a bijective antipode. 

(b) The integral order io{A) := n of A is finite. 

(c) If A is prime and Z{A) is integrally closed, then io{A) < PI-deg(A). In 
particular this holds if A is regular and prime. 

(d) The integral quotient Aiq is isomorphic as a Hopf algebra to (fcC„)°, the 
Hopf dual of the group algebra of the cyclic group of order n. 

(e) Jig = n1~o'^eT{{Try:A^k). 

(f) Suppose that A is regular of global dimension d, and that n is a unit in k. 
Then A\^ and Aq are both regular of global dimension d. 

Proof (a) The Artin-Tate Lemma [MR[ 13.9.10] shows that A is noetherian. That 
A is AS-Gorenstein is a special case of the main result of [WZlj . Bijectivity of the 
antipode is proved in [Sk| . 

(b) We'll prove that io{A) is bounded above by the number of maximal ideals 
of A whose intersection with Z{A) equals kere n Z{A), which of course is finite 
because A is a finite Z (A)— module. 

By the definition of J^, kere n Z{A) C r.ann(/^). Hence, by MuUer's theorem 

|BG21 Theorem III. 9. 2], kere and r.ann(J^) belong to the same clique of maxspecA 
(in the sense of |BG21 1.16.2], for example). This means that there is a positive 
integer t and a set k = Vq, . . . ,Vt — J^ oi simple right A— modules such that, for 
each j — 0, . . . ,t — 1, either Ext\(t/,+i, Vj) ^ or Ext\(V^, V,+i) ^ 0. Now, since 
J. is a one-dimensional (right) A— module, it has an inverse in G{A°), given in 
fact by {S{J^))* . Hence, the functor J^ 0— is an auto-equivalence of the category 

of right A-modules. In particular Ext^ (M,iV) = Ext^ (/^ «)M, /^ (8)iV) for aU 
non-negative integers i and all right A— modules M and N. Applying this to the 
above chain of Ext-groups, we deduce that (the annihilators of) J^ ®k = J^ and 
(/^)®^ are in the same clique. That is, (/^)®^ is in the same clique as k. Repeating 

this argument allows us to deduce that (/^)®™ is in the clique of k for all non- 
negative integers m. Now the finiteness of clique(kere) noted at the start of the 
argument forces (J^)'^'^ = (X4)®'* for non-negative integers r, s with r > s. Thus 
(J^)®^'""*) — ^ with r — s < |clique(kere)|, as required. 

(c) The extra hypotheses ensure that A equals its trace ring, so that 

clique(kere)| < Pl-deg(yl) 

by |Bra[ Theorem 8]. When A is regular its center is integrally closed by [LWZl 
Lemma 5.3(b)]. 

(d),(e) These are special cases of jLWZi Lemma 4. 4(b), (c)]. 

(f ) By the strong grading property. Proposition I2.2r b) , Aq is a direct summand 
of A as left Ag— module. So, if V is any left Aq— module, then 

projdim^i^(V^) < projdim^j^(A ®^i^ V) < projdim^(A 0^;^ V), 
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where the second mequahty holds because A is a projective left Aq— module. There- 
fore gldim(AQ) < d. However, since A is a finitely generated Ag— module, these 
algebras have the same GK-dimension, and this is d thanks to the Cohen-Macaulay 
property satisfied by A, [BG1[ Theorem A]. Since KruU dimension equals GK- 
dimension and is a lower bound for global dimension for noetherian rings which are 
finite over their centers [GSj . the result follows. D 

Proposition. Let A be an AS-Gorenstein Hopf algebra with a bijective antipode. 
Assume (|2.2.2p for 11 = {tt}, where tt : A ^ A/r.ann( J.). Then 

Jzq = {Jtq n A[,)A = A{A^Q n J.,q) = (kcr 6 H A^g)^- 

Proof. By Theorem 12. 3f e). Jig is stable under the action of G^ on A. Thus Jig is 

G^-graded. The first two equalities therefore follow at once from strong grading, 
Proposition l2 . 2r b) . Moreover, since Jig C kere. Jig C (keren^o)A. But the factors 
by both these right ideals have fc-dimension n, by Proposition 12. 2r b) and Theorem 
12.3r d). so equality follows. D 

Remarks B. (a) The hypothesis (|2.2.2|) that p | io{A) is necessary for the validity 
of Proposition !^?^ For, let k have characteristic p > 0, and let A be the factor of the 
enveloping algebra of the fc— Lie algebra g = {kx(Bky : [y,x] — x}hy the Hopf ideal 
(yP — y). Continue to write x and y for the images of these elements in A. Then, by 
[BZl Lemma 6.3(c)], 'E..^{x) — x and '^■^{y) = y — 1, so that G^^ = G^ = (S^r) = Gp, 
and Aq = Aq = Aq = k[x]. Thus A = ^^Iq ^o2/% but this is not a strong group 
grading. In fact A has no non-trivial Zp-grading that is a strong grading. Observe 
also that this example is regular (and so hereditary): for by [LLj it's enough to 
check that the trivial A— module has finite projective dimension, and this follows 
since it is a direct summand of the semisimple module A/ Ax, which manifestly has 
projective dimension one. Notice finally that Jig = (x), so that Proposition 12.31 
remains valid for this example. We do not know if (|2.2.2p is actually needed for 
Proposition [2?3l or for Theorem 12. Sf f). 

(b) Given the known examples, we ask: 

Question: Under the hypotheses of Proposition 12. 3[ is the center Z{A) of A 
contained in the classical component Aq7 

We shall show in Lemma 15.21 that this is the case when A is prime regular of 
GK-dimension 1, but it may be that it is true much more generally. 

(c) Of course the version of Proposition 12.31 with Aq replacing Aq is also true. 

(d) In fact (d) and (e) of Theorem 12 . 31 hold, with the proofs from jLWZ) . in any 
Hopf algebra with finite integral order. 

(e) We do not know if all the parts of Theorem 12 .31 remain valid if the hypotheses 
are weakened to include all affine noetherian prime Hopf fc-algebras which satisfy 
a polynomial identity. We note here that the question is not vacuous, since not all 
such algebras are finite modules over their centers. Thus the algebra U constructed 
in |GLj as the bosonisation of the enveloping algebra of a Lie superalgebra is such 
an algebra, of GK-dimension 2, which is not a finite module over its center (as can 
be most quickly confirmed by checking that the clique of the augmentation ideal is 
infinite). 

2.4. The integral minor. In addition to the integral order, our classification of 
Hopf algebras of GK-dimension one will involve a second invariant, which - crudely 
speaking - is a measure of the extent of left-right asymmetry between the right and 
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left hit actions of tt, the group-hke element arising from the left integral. More 
precisely, it measures the difference between G^r and G^^ x G^. The definition is as 
follows. 

Definition. Let A be a Hopf algebra and keep the notation and hypotheses of 
Definition 12.31 Recall from 12. ll that G^r is an abelian subgroup of Autfc_aig(A) 
generated by its subgroups G^ and G^. Suppose that the integral order io{A) is 
finite; or, equivalently, that G^^ is a finite group. The integral minor of A is 

zm(A):=|Gt/(GtnG;)|, 

the intersection being taken as subgroups of G^. 

In particular, im{A) = 1 if and only if G^ = G^, and this holds in particular 
when A is cocommutative. 

2.5. Classical components in GK-dimension one. In preparation for the work 
on Hopf algebras of GK-dimension one which will occupy the rest of the paper, we 
state here as our starting point what can immediately be written down about such 
an algebra using the results in [LWZj and the concepts introduced in this section. 

Theorem. Let A be a semiprime affine Hopf k— algebra of GK-dimension one, 
with TT the homomorphism from A onto j4/r.ann(J^). 

(a) The integral order io{A) :— n of A is finite. 

(b) If (j2.2.2p holds for 11 — {tt}, then A is strongly graded in two ways by the 
cyclic group of order n, namely 

A = ®^g(5r^7r,x '^'^'^ ^ = ®xeG;^'r,x- 

(c) The injective dimension of A is one. 

Suppose in addition for (d), (e) and (f) that A is regular; for (e) and (f), 
assume also that it is prime, and for (f) assume also (|2.2.2p . 

(d) A is hereditary. 

(e) PI-deg(A) = n. 

(f) Aq, A^ and Aq are affine commutative Dedekind domains, with Aq = Aq. 

Proof. By [SSW', A is noetherian and is a finite module over its center. Thus A 
is AS-Gorenstein and Cohen-Macaulay, by |WZ1[ Theorems 01. and 0.2(1)], so A 
has a left integral and tt is defined for A. 

(a) follows from Theorem I2.3r b). (b) is immediate from Proposition 12.21 (c) 
follows from [WZT| Theorem 0.2(3)]. 

Suppose henceforth that A is regular. Then (c) immediately gives (d). 

(e) That the Pi-degree of A equals its integral order when A is prime and regular 
is part of pVZl Theorem 7.1]. 

(f) That Aq is an affine commutative domain is proved in |LWZi Theorem 7.1]; 
that it is Dedekind now follows from Theorem l2.3r f). An isomorphism of the right 
and left classical components is provided by the antipode, thanks to Proposition 
\2l\e). Finally, Aq = {A{^)^' = (-45)*^' by Proposition ElUd). Thus Aq is an affine 
commutative domain, and since the fixed ring of an integrally closed commutative 
domain under the action of a finite group is again integrally closed, it follows that 
Aq is Dedekind. D 
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Remark. The equality in (e) fails when any one of the hypotheses that A is prime, 
regular, or has GK-dimension one, is dropped. To see the need for the prime 
hypothesis, one can take A = <CG where G is any direct product of a finite group 
with an infinite cyclic group. In this case J.=k and so io{A) = 1. The regular 



hypothesis fails in Case 2 of Example 13.21 in the next section; here, the integral 
order is 1 but the Pl-degree is 2. Finally, (e) fails for prime regular afiine PI Hopf 
algebras of GK-dimension > 2, see jLWZi Example 8.5]. Another example is the 
enveloping algebra of s[(2, k) over a field k of positive characteristic p; in this case 
H := U{sl{2,k)) is unimodular, that is Jj^ = fc, [BZl Proposition 6.3(e)]. However 
it is possible that the equality (e) holds for all regular affine PI Hopf domains of 
GK-dimension 2. 

At this point we can list all the hypotheses that we will use for our classification. 
By the above theorem, given (a), (d) and (e) in the list below, the map tt : H ^ 
H/i.ann{J^) satisfies (b) and (c). 

Hypotheses. (a) H is an affine, noetherian, prime, PI Hopf algebra; 

(b) there is an algebra homomorphism n : H ^ k such that the order n of tt in 
G{H°) is equal to the Pl-degree of H; 

(c) the invariant subring Hq under the action of the left winding automorphism 
E}^ is a Dedekind domain; 

(d) when p — char fc > 0, then n is coprime to p; 

(e) GKdimff = gldimff = 1. 

We remark for future use that the analogues of Theorems 12.31 and 12.51 remain 
valid (with the same proofs) for any map tt satisfying the above hypotheses. 

3. Examples 

In this section we assemble some examples of prime affine Hopf fc-algebras of 
GK-dimension one. Note that we've already listed one such example in Remarks 
I23p(a). 

3.1. Commutative examples. Recall [Hu, Theorem 20.5] that, over an alge- 
braically closed field fc, there are precisely two connected algebraic groups of di- 
mension one. Therefore there are precisely two commutative fc-affine domains of 
GK-dimension one which admit a structure of Hopf algebra, namely Ai — k[X] and 
A2 = k[X^^]. For Ai, e{X) = 0, S{X) ^ ~X, and 

A{X) =X (^1 + 1(^X. 

For A2, e{X) = 1, S{X) ^ X-^, and 

A{X) =X®X. 

Commutativity implies that io{Aj) = im{Aj) = 1 for j — 1,2. Of course Ai and 
A2 are regular, in common with all commutative affine Hopf algebras which are 
domains, |Wal Theorem 11.6]. The following result is [LWZ( Theorem 0.2(c)], which 
takes care of the case when io{H) = 1. 

Proposition. Suppose H satisfies Hypotheses \2.5\ If tt : H -^ H /T:.a.\ia.{^„) has 

order 1 (or equivalently, J^ = k as H -bimodule) , then H is isomorphic as a Hopf 
algebra to Ai or A2. 
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3.2. Dihedral group algebra. Let D denote the infinite dihedral group {g, a;|g^ — 
l,gxg = x^^). The group algebra fcD is an affine cocommutative Hopf algebra, 
which is prime by Pa, Theorem 4.2.10]. Being a skew group algebra of a finite 
group over the Laurent polynomial algebra A:[a;*^], fcB has GK-dimension one, |iMRl 
Proposition 8.2.9(iv)]. By [Pa[ Theorem 10.3.13], fcD is regular if and only if the 
characteristic of fc is different from 2. By cocommutativity, 

im{kD) = 1. 

Since it is a free module of rank 2 over fc[a;^"'^], fcD C M2{k[x^^]), so that 
PLdeg(fcD) < 2. As the algebra is not commutative, 

PI-deg(fcD) = 2. 

Either by direct calculation, or using |BZ[ Lemma 6.6], one sees that, as a right 
module, 

(3.2.1) f 9^fcD/(a;-l,5 + l). 

JkO 

Case 1: Suppose that the characteristic of fc is not 2. It follows from ()3.2.1|) that 
G^ = G^ = {1,t} = C2, where r(x) — x and T{g) ~ —g. Thus the classical 
components (necessarily equal on account of cocommutativity), are the elements 
fixed by r, namely 

(fcD)o = (fcD)J, = (fcD)S ^ k[x^^]. 

Finally, io(fcD) = 2, and Jig = {x — l)fcD, so that (fcD)ig = k{g), the group algebra 
of the cyclic group of order 2. 

Case 2: Now let k have characteristic 2. Then p.2.ip shows that fcD is unimodular, 
so G^ = Gjr = {!}■ Thus io(fcD) = 1, and the classical components all equal fcD, 
with Jiq equal to the augmentation ideal and (fcD)^^ ~ fc. 

3.3. Taft algebras. jLWZl Examples 2.7, 7.3] Let n and t be integers with n 
greater than 1, and coprime to the characteristic of fc if the latter is positive, and 
with < i < T7, — 1. Fix a primitive root nth root f of 1 in fc. Let H := H{n, t, ^) 
be the fc-algebra generated by x and g subject to the relations 

g" — 1, and xg = ^gx. 

Then i? is a Hopf algebra with coalgebra structure given by 

^(3) ^ff'X'y, e(5) = 1, and A(x) = a; ® g* + 1 ® x, e(a;) = 0, 

and with 

S{g) — g^^ and S{x) — —xg~'*. 

Thus one can think of H{n,t,^) either as a (slightly generahsed) factor of the 
quantum Borel of s[(2,fc) at an nth root of unity [BG2[ 1.3.1], or as a limit of a 
family of finite dimensional Taft algebras, [Mo[ 1.5.6]. 

Viewing H{n,t,^) as the skew group algebra k[x] * (g) lets us see easily that it 
is affine noetherian, prime, hereditary, and has GK-dimension one [LWZj . An easy 
calculation shows that Z{H) = fc[a;"], so that 

PI-deg(J?(n,t,0) =n. 
We leave to the reader the routine proof of the 



14 K.A. BROWN AND J.J. ZHANG 

Proposition. Let n,n',t,t' be integers with n,n' greater than 1, and coprime to 
the characteristic of k if the latter is positive, and with < t,t' < n — 1. Let i^ and 
T] be two primitive nth roots of 1 and £/ a primitive n'th root of 1. 

(a) As algebras, H{n,t,^) = H{n' ,t' ,^') if and only if n — n' . 

(b) As bialgebras, H{n, t, ^) = H{n' , t' , ^) if and only if n — n! and t — t' . 

(c) If S, — rf for some \ < v < n ~ 1, then H{n,t,^) ^ H{n,vt,r]) as Hopf 
bras. 



Recall that H = H{n,t,^). Using [BZ', Lemma 6.6] we find that 

Jh 
The corresponding homomorphism tt yields left and right winding automorphisms 

_r [x^^i^^x , \ X ^^ X 

-n ■■ < ^_i and :i^ : \ 

so that G^ = (S^) and G^ — (S^) have order n. Hence, as predicted by Theorem 
iLEe), 

io{H{n,t,^)) — n. 
The integral annihilator Jig is n{(a;, 5 — ^*) : < i < n — 1}, which equals xH. Thus 
Hiq = H/Jiq ^ k{g)- As for the right and left classical components, 

iJ^ = H'^' = k[xg-\ and iJ^ = i/^- = k[x\, 

so one checks that, as predicted by Proposition l2 . iT c) . i?Q is a left coideal subalgebra 
of H and H^ is a right coideal subalgebra. 

Let m := n/gcd(n,t). Then G\ fl G^ — ((S^)™), so that the integral minor of 
H{n,t,£_) is 

(3.3.1) im{H{n,t,Cl)^rn. 

This shows that G^r = G„ x C„i. Now the classical component 

iJo = H^^ ^H\^r\ HI = fc[a;"], 

and since this is a Hopf subalgebra of H we find that Hq , the largest Hopf subalgebra 
of the classical component, is Ho — fc[a;'"]. Note that 

Z{H) = fc[a;"] C fc[x™] = Sq, 

so that Hq is central if and only if the integral minor is n - that is, if and only if 
gcd(n,i) — 1. Nevertheless, Hq can easily be checked to be normal in H, and to 
be a maximal commutative Hopf subalgebra of H. 

3.4. Generalised Liu algebras. We start with a presentation of generalised Liu 
algebras that is convenient for the proof of some algebraic properties and then 
convert it into another form in which the generators of the algebra are more rigid. 
Both presentations are helpful in understanding these algebras. 

Let n be an integer greater than 1, with n coprime to the characteristic p oi k 
if p > 0. Fix a primitive nth root 9 of one in k. Let w be a positive integer with 
gcd(n, w) :=b> 1. Write n — n'b, w — w'b. Define a fc— algebra B with generators 
h^^, f and y, and relations 

hh-^ = h-^h =1, / = 1, hf ^ fh; 
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yh = ehy; 
yf = e^'fy; 
y" - 1 + /i'™' = 0. 
We shall show that B admits a structure of Hopf algebra, but first we develop 
some of its properties as a A;— algebra. Start with the group algebra 

A := k{h^\ /) = fc(Coo X Cb). 

Let a be the /c— algebra automorphism of A defined by a{h) = 9h, a{f) = 9" /, 
and form the skew polynomial algebra 

C:^A[y;a]. 

Since \a\ — n and A is commutative, C has Pl-degree at most n. One easily confirms 
that A"' is the group algebra k{x), where 

(3.4.1) X := h"'r\ 

so that 

Z(C) = fc[x±i,y"]. 
Thus 2/" — 1 + a;*" e Z{C), so that we can form 

S:=C/(y"-l + a;"'). 

Abusing notation, we continue to write h,f,y,x for the inragcs of these elements 
in B. Thus, in B, 

(3.4.2) y" = 1 - a;""' = 1 - /i"'"' = 1 - /i'™'. 
So B has A:— basis 

(3.4.3) {h'fy^ ■.ieZ,0<j<b-l,0<l<n-l}. 
This shows that 

(3.4.4) B is a finitely generated free (left and right) k{h )-module, 
which permits us to confirm firstly that 

(3.4.5) k{h ) \ {0} consists of regular elements of B, 
and hence, in view of (|3.4.2p . 

(3.4.6) y is not a zero divisor in B. 
Finally, it follows from (|3.4.2p and ()3.4.3p that 

(3.4.7) Z(S) = A:[a;=^^]. 

It's clear from its construction that S is a noetherian algebra with GKdim(i?) = 1. 
We turn now to the coalgebra structure of B. For the counit, define 

e(/) = e(/i) = 1, e{y)^0; 

trivially, this is an algebra homomorphism. For the coproduct, we propose to define 

A{h) = h(g>h, A(/) = /®/, 
A(y) ^y<»g + l®y, 

for a suitable choice of a group-like element g £ A — {h,f). Since g is group- like, 
g = h°'f'' for some integers a, b. Now we require 

A(y)" = A(y") = A(l - x'") = (1 - x'") ® x'" -H 1 (1 - x""). 
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Thus, by the (7— binomial theorem [BG2| 1.6.1], we require 

(3.4.8) g" = x"' = ft.™'" and a{g) = ^g for a primitive nth root ^ of 1. 

The first of these constraints imphes that g — K^ /* for some i,0<z<6— 1. Then 
a{g) = 0"^ +" 'g so the second part of (|3.4.8p requires that 

(3.4.9) gcd(n,w' + n'i) = 1. 

By the elementary lemma at the end of this subsection, such a solution i — i^ io 
p.4.9p exists, and accordingly we set 

(3.4.10) g := h""' P" 

in the definition of A(y). With these definitions it is routine to check that A is an 
algebra homomorphism, that it satisfies the coassociativity axioms, and that e is a 
counit. Finally, we define 

S{h)^h-\ S{f) = r\ S{y)^-yg-' 

and check easily that this extends to an anti-automorphism of B satisfying the 
antipode axiom. 

We show next that the algebra B is also generated by x^^,g, y. Since gcd{w' + 
n'iQ,n) = 1, there are integers u and v such that u{w' + n'io) + vn = 1. Then we 
calculate that 

f3 4 11) „u+vn (uio-vb{w' -1)) _ /j^w' rio\u+vnlyji' j--l\{uio~vb(w' ~1)) __ i 

Hence h is generated by g and x^^ , noting that g^^ — g^~^x~^ . Since / — a;~^/i" , 
B is generated by y, g and x^^ . Combining the above assertions, B is generated by 
X ,g,y, subject to the relations 

yg^^gy, y" = i-x"" = i-.g" 



(3.4.12) 



xy = yx, xg = gx 

xx~^ = 1 



where (, — 6^ +" *" is a primitive nth root of 1. The coalgebra structure of B is 
determined by the fact that x and g are group-like and y is {g, l)-primitive. The 
Hopf algebra structure of B is uniquely determined by these data and therefore B 
is denoted by B{n,w,$,). 

Note that two different solutions io to (13.4.9^ give distinct ^ := 9"^ +" *° and 
different formulas of g in terms of h and / (I3.4.10[) . And, replacing h by hf^ for 
some integer j satisfying gcd(l + jn' , n) = 1 changes one io to another. This means 
that two different choices of the pair (6*, «o) may yield the same Hopf algebra B. 

One advantage of the second presentation of B (see p.4.12p ) is that the ordered 
set {n, w, ^, x, (7} can be recovered uniquely by the Hopf algebra structure of B (see 
(j) of the next theorem). In this first presentation, however, h (and 0) can not be 
determined uniquely by the Hopf structure of B. 

We are now ready to list the main properties of the algebras B — B{n,w,£^): 

Theorem. Let the k—algebra B — B{n,w,^) be defined as above. Assume that the 
characteristic of k does not divide n. 

(a) As a k—algebra, B is generated by y,h^^,f, with relations as stated at the 

beginning of this section; and it is also generated by y,g and x , with 

relations in (|3.4.12p . 
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(b) B is an ajfine noetherian Hopf algebra of Gel'fand-Kirillov dimension 1, 
with center k{x ). 

(c) B is prime. 

(d) PI-deg(B) = n. 

(e) B has finite global dimension if and only if w is a unit in k. In this case, 
gldimi? = 1. 

(f) io{B) = im{B) ^ n. 

(g) The fixed subring B^^ is k{y,x ); and B^^ — k{yg^^,x ). Thus 

Ba := B"' n B"- = fc[x=^^] = Z{B). 

(h) The group of group-like elements of B is {h,f), isomorphic to Coo x Cb- 
(i) If z £ B is a nonzero {a, \) -primitive element for some group-like element 

a ^ 1, then a = g and z € ky -\- fc(l — g). 
(j) Let -B(n,u),^) be another Hopf algebra of the same kind with generators 



X 



±1 



], and y. If 4> '■ B{n, w, ^) — > B{n, w, £,) is a Hopf algebra isomorphism, 
then n = n,w = w,^ = £, and 4'{x) = x, 4>{g) = g, (j){y) — rjy for some nth 
root T] of I. 

Proof, (a) and (b) are clear from the discussion above. 

(c) In view of (|3.4.5p . to show that B is prime it suffices to prove that, if / is a 
non-zero ideal of B, then 

(3.4.13) lnk{h^^)^Q. 

So let a be a non-zero element of /. Using ()3.4.3|) we can uniquely write 

n-l 

a = ^aiy\ 

1=0 

with ai G k{h , f) and choose a so that the number of non-zero ai occurring is 
as small as possible for non-zero elements of /. We assume for a contradiction that 
this number is greater than one. Since y" — 1 ~ /i"™ , we can multiply a on the 
right by a suitable power of y to ensure that ap ^ 0. Now ah — ha £ / is non-zero 
and has strictly smaller y-length than a, contradicting our choice of a. Therefore 

ink{h^\f)^o. 

Now 0" is a primitive bth root of 1 in fc, so the b primitive idempotents 

h-l 



'^ ■= b 



- y^ 5("'j* p 



form a fc-basis of k{f). Fix 



b-l 

o^p = Y.^,e,eink{h^\f). 

There exists j such that =/= [3ej = ^jCj. That is, relabelling, there exists j with 
< J < & — 1 and ^ 7 G k{h^^) such that jCj G /. Notice now that ejy = ycj-i. 
It follows that, for alH = 0, . . . , 6 — 1, 

/ 3 z/"-*7e,2/* = y"7te,-t = (1 - /i™')7*e,-t, 

where 7^ 7t G k{h^^). Multiplying these b non-zero elements of / on the left 
by suitable elements of the commutative domain k{h^^), we find that there exists 
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7^ c G k{h^^) such that ccj-t G / for alH = 0, . . . , 6 — 1. Adding these elements, 
(i:V.4.ia|l follows. 

(d) Since B is prime by (c) we can work in the simple artinian quotient ring 
Q(B) of B. Now Q{Z{B)) = Z{Q(B)) = k{x), and we see from the definition 
p.4.ip of X and the fc-basis (13.4. 3p that 

dimQ(2)((3(B)) = n'bn = n^. 

This proves (d). 

(e) Suppose first that w is a unit in k. by [LLl Corollary 2.4] it suffices to prove 
that the trivial S-module k has projective dimension 1. Noting (|3.4.6p that y is a 
normal regular element and setting D := B/yB, D has fc— basis {ft.'/"' : < i < 
nw' - 1, < j < & - 1}, so that 

(3.4.f4) D ^ k{Cn'^ X Cb). 

it follows that the group algebra D of (|3.4.14p is semisimple Artinian, so we have 
that prdim^(fc) = 1 as required. 

Now suppose that p\'w, so that p\'w' . Suppose for a contradiction that B has 
finite global dimension. It is clear from ()3.4.4p that B is a free module over the 
commutative algebra R :— fc(/i^", y), and therefore, by restricting B-resolutions to 
i?-resolutions we deduce that R has finite global dimension. But from (|3.4.2p we 
see that, as a commutative fc-algebra, 

R = k{U^^,V -.U""' = 1-F"), 

and the Jacobian Criterion shows that R is singular. Thus B also has infinite global 
dimension. 

(f) By |LWZ| Lemma 2.6], the left homological integral /g of B is the the 1- 
dimensional right module B/ {y, h — 6~^, f — 0~'^ ). Hence the left and right winding 
automorphisms associated to /g are 



y t^ 


y, 




h^ 


9- 


-'h, 


f^ 


0- 


"7 



^i . J ^. . n-iu and S: 




(iii'+n'io),. 



Clearly these automorphisms have order n, whence io{B) = n. Moreover our choice 
of iQ as a solution of p.4.9p shows that Gj^ n G^ = {!}. This proves (f). 

(g) This follows easily from the descriptions in (f) of the automorphisms. 

(h) It's clear that k{h, f) is the biggest sub-Hopf algebra of B which is a group 
algebra, so this follows from the linear independence of distinct group- like elements 
[Swl 3.2.1]. 

(i) By (13X31) . z - Y.Zo^^y' where z, e A := k{x^\g) = k{h±\f). Pick r 
such that Zr ^ and z^ = for all r < i < n — 1. Hence 

r r 

A(z) = Y. ^(^OA(y') = Y. A(^0A(2/)^ 

r 
i=0 



i=0 s=0 ^ ^ C 



fy'-n 
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Since z is a (a, l)-primitive, 

r r 

A(z) = z®a + l(g)z= (^ Ziy') (g) a + 1 (g) (^ z,y'). 



i=0 i=0 



If 7' > 2, by comparing the terms of y-degree (1, r — 1) in two expressions of A(z) 
and using (|3.4.3p . we have 



which imphes that A(zr) — 0, and hence Zj, = after applying e ® 1. This contra- 
dicts the choice of r. Therefore z — zq + ziy. By (a, l)-primitiveness of z, 

A(zo) + A(zi)(y ® .9 + 1 y) = (zo + ziy) a + 1 (g) (zq + ziy), 

which imphes that 

A(zo) = zo (8) a + 1 (g) zo, A(zi)(l ® g) = zi (g) a, A(zi) = 1 (g) zi. 

By using the coalgebra axioms several times, we obtain 

zi=ci, a^g, zo==C2(l-.g) 

for some ci, C2 G fc, as desired. 

(j) By (d) n = n. By (b), <^(a;) is either x or x~^. Let z = (/'(y) and a = (/'(5). 
Since y is (y, l)-primitive, z is (a, l)-primitive. By (i), a = y and z = ciy-|-C2(l — y). 
Since {y, y} are skew-commutative, so is the pair {z,a — g}. This implies that 
C2 = 0. The relation y" = 1 — y" implies that ci = 77 is an nth root of 1 and hence 
(j>{y) = rjy. By the relations in (|3.4.12p . we have 

y" = 0(5") = <^(1 - x'^) = 1 - x^^ 

and 

y" = l-a;'". 

This forces w — w and (/'(S) = a;. Finally, £, — S, follows from the first relation in 
(|3.4.12p and the facts that T^y = (/)(y) and y = (f>{g). D 

Remarks. Suppose that gcd(7^, w) = b = 1 in the above construction. Then 
the group of group- like elements of B is (h), infinite cyclic, so -B = k{h,y) is a 
Hopf algebra of the class constructed by Liu [Liuj . Indeed it's clear that all of Liu's 
examples arise in this way, precisely as those algebras B{n, w, S.) with gcd(n, w) — 1. 

Here is the lemma needed to find a solution i to (|3.4.9p . 

Lemma. Let n and w be positive integers with gcd{n,w) — 6, and write n = 
bn' , w ~ bw' . There exists i, < i < b ^ 1, such that gcd(7i, w' + n'i) = 1. 

Proof. Define io := Y\{p '■ P prime, p\b,p \ w'}, with io = 1 if there are no primes 
in the indicated set. We claim that gcd{n,w' + n'io) — 1. Let g be a prime divisor 
of n. If (i) q\n' then q ] w' , so q ] {w' + n'io). Suppose (n) that q \ n' , so that q\b. 
If q\w', then q ] io and so g f n'io. Therefore q | {w' + n'io). If 9 t "•'' ^o that q\b, 
but q ] w', then q\io, and hence q \ [w' + n'io). Combining (i) and (ii) yields the 
result. D 
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4. Classification I: im{H) = 1 

4.1. Primitive versus group-like. Having dealt in Proposition [3lT] with the case 
where io{H) — 1, henceforth we shall always assume that 

n := io{H) > 1. 

We begin the classification proof by dealing first with the subclass of prime afHne 
regular Hopf algebras H of GK-dimension one for which 

(4.1.1) im{H) = 1. 

In fact, in a small (and, as we shall see eventually, purely formal) weakening of this 
assumption, it will be convenient to assume that 

there exists an algebra map tt : H ^ k satisfying both Hypotheses 
I and the condition 



(4.1.2) |Gt/(GtnG;)| = l. 

Notice that ([4T2l) implies that G^ = G; and hence H[ = H^ = H^ = Il„, 
the latter being a subHopf algebra of _ff, by Proposition I2.ir h). In particular, 
cocommutative Hopf algebras satisfy (|4.1.ip and (|4.1.2p ; conversely, it follows from 
the theorem we prove below that every Hopf algebra H satisfying Hypotheses 12.51 
and (|4.1.2p is cocommutative. 
More precisely, we shall prove 

Theorem. Suppose {H,t:) satisfies Hvvotheses \2.5\ and (|4.1.2p . Then H is isomor- 
phic as a Hopf algebra either to the Taft algebra H{n, 0, ^) of Examvle \3.3l or to the 
dihedral group algebra fcD of Example \3.2[ As a consequence, H is cocommutative 
and satisfies (j4.1.ip . 

The conclusion that cocommutativity follows from (j4.1.2p is not valid when the 
GK-dimension is bigger than one - for example U := U^{sl2) is an affine regular 
domain and a Hopf algebra, which is PI with GK-dimension 3. In this case, io{h() — 
im{lA) — 1, but U is not cocommutative. But we don't seem to know what happens 
in GK-dimension 2. 

The dichotomy appearing in the following definition will feature heavily through- 
out the rest of the paper. 

Definition. Let iJ be a prime affine regular Hopf algebra of GK-dimension one. 
Assume Hypotheses 12. 51 and (14.1.21) . By Proposition l2.ir h). together with Theorem 
I2.5f f) and Examples 13.11 H.^ is isomorphic as a Hopf algebra either to k[x] or to 

fc[a;±i]. 

(a) H is called primitive if H^^ = k[x\. 

(b) H is called group-like if i?^ — k[x^'^]. 

We shall see from our final result that this definition is independent of the choices 
of TT under Hypotheses 12.51 

4.2. Primitive case. 

Proposition. Suppose (i?, vr) satisfies Hvpotheses \2.5\ and ()4.1.2p . If H is prim- 
itive, then H is isomorphic as a Hopf algebra to the Taft algebra H{n, 0, ^) of 
Example [ 
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Proof. Since GJ, = Z„ = {0, 1, ■ • • ,n - 1}, we write iJ[ ,, = Hi for all i e G\,. 
Similarly define iJf . By (|4.1.2p . we have 

which is also equal to Hq (and i?o)- 

Since H is primitive, iJo = k[x] and it is a Hopf subalgebra by Proposition l2.fr h). 
after a linear change of variable we may assume 

A{x) =a::(g)l + l(g)a;, S{x) — —x and e{x) = 0. 

By Proposition 12. 2[ H — ®i£z„H\, with each Hi an invertible module over Hq = 
k[x\. Hence, for each i, Hi ~ Uik[x\ = k[x\vi for some Ui,Vi G if-. Fix a,5 € k[x\ 
so that Ui = avi and Vi = w^J. Then A;[a;]Mi C Ujfc[a;], so that u^ — aUiS — Ui(35 for 
some /9 G fc[a;]. Thus (5 is a unit of k[x\ and so Hi = Uik[x\ = k[x\ui. Now the strong 
grading condition implies that UiU-i is a unit element in i^Q = k[x]. Hence each Ui 
is a unit element. Set 5 = ui. Then we may take m := g' for alH, < i < n, so 
that iJ is generated as a fc— algebra by x and g. Now g" equals a non-zero scalar 
in iJg = A: [a;], so, since k contains primitive nth. roots thanks to Hypotheses 12. Sf d). 
we can adjust our choice of g if necessary so that g" = 1. This in turn forces e{g) 
to be an nth root of 1 in fc, so, possibly after another adjustment, we can assume 
that 

(4.2.1) e{g) = 1. 

Fix i, 1 < i < n - 1. Since, by (l4T2)l . G^ = G;, HI = i/J for some j, 
1 < j < n — 1. That is, there is a permutation i 1— > i' of{l,...,n— 1} such that 
Hl = Hl,. 

In particular, by Proposition and Remark 12. 2r a). 



A(5) e {h[ ®H)r\{H® HI,) = h[® hi, =h[®h[. 

So we can write 

A(ff) = (.g ® g)q 

for some g G Hq ® Hq = k[x]^ k[x]. Since g is invertible, so is q, and so q G k\ {0}. 
Now (|4.2.ip and the fact that m^ o (id (g) e) o A = id force g = 1 . Therefore g is 
group-hke, and so S{g) — g"^. 

Now H[ = k[x]g = gk[x], so conjugation by g yields an algebra automorphism 
of k[x]. Thus there are a,b € k with 6 7^ such that 

xg = g{a + bx). 

Applying e to this shows that a = 0; and, since g" — 1, we have 6" = 1. Therefore 
H is a. factor of the algebra G := k{x,g : xg — bgx,g" — 1), and both algebras 
are free of rank n over k[x]. Thus H = C, and primeness of H entails that 6 is a 
primitive nth root of 1. This completes the proof. D 

4.3. Group-like case. 

Proposition. Suppose {H,tt) satisfies Hvpotheses \2.5\ and (|4.1.2p . If H is group- 
like, then H is isomorphic as a Hopf algebra to the dihedral group algebra fcD of 
Example [ 
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Proof. Since H is group-like, Hq = k[x^-^]. The first three paragraphs of the proof 
of Proposition 14.21 apply mutatis mutandis to the group-like case. We find that, 
after adjustments, there is an invertible element g G H[ with e{g) = 1 such that 
Hj = g'^k[x^^] for « = 0, . . . , n — 1. Moreover, there exists j G Z with 

(4.3.1) 5" = x\ 

And there is a permutation ji-^i'of{l,...,n— 1} such that H^ — HI,. As in the 
previous subsection, 

A(.g) - (.g ® g)q 
for an invertible element q of Hq ® _ffo- Applying the Hopf axioms as before, we 
deduce that g = 1, so that g is a group- like element. Therefore H is generated as a 
A:— algebra by the two group-like elements g and x, so 7J is a group algebra. Now 
it is easy to deduce that, if n / then H = fcE) is the only possibility, as in [LWZ) 
Proposition 8.2(b)]. D 

5. The center 

This section is preparatory for §6, where we deal with the case im{H) — io{H) 
of the classification. 

5.1. Abelian strong gradings. We begin with some further analysis of an algebra 
strongly graded by a finite abelian group, with commutative identity component, 
a set-up we have been led to in H2.5[ Recall that, if Z is an Ore domain, then the 
rank of a Z-module M is defined to be the Q(Z)— dimension of Q{Z) ®z M; the 
rank of a right Z-module is defined analogously. The Pl-degree of an algebra R has 
been recalled in 



Proposition. Let D be a k-algebra and G a finite abelian group acting faithfully 
on D. Suppose that the order n of G is a unit in k, so that D is G— graded, 

(5.1.1) D = ®^^qD^. 

Assume that 

(i) (|5.1.ip is a strong grading, and 

(ii) Dq is a commutative domain, with field of fractions Qo- 
Then the following hold. 

(a) D is a semiprime Goldie Pl-algebra, with PI-deg(I?) < n. Every nonzero 
homogeneous element is a regular element of D. 

(b) There is an action of G on Qq. Denote the automorphism of Qq corre- 
sponding to X ^ G by Ky.. Then, for every non-zero element x of D^, 

(5.1.2) xa = Ky.{a)x 

for all a S Qq. For all x G G, k-^{Do) C Dq; that is, k^ restricts to an 
automorphism of Dq . 

(c) Let K :— {k^ \ x G G} C Aut(£'o)- If L is a cyclic subgroup of the kernel 
of the homomorphism k : G ^ K : x '^^ >^x- ihen 

PI-deg(D) < \G/L\. 

(d) Consider the following statements: 

(1) PI-deg(£i) = n. 

(2) G acts faithfully on Qq. 
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(3) G acts faithfully on Qo and the center Z{D) C Dq. 

(4) D is prime. 

Then (1), (2) and (3) are equivalent, and they imply (4-)- (4) does not imply 
the others. When (1,2,3) hold, 

(5.1.3) Z{D)^{a(^Do\K^{a)^a\ix^G}. 

Proof. Thanks to hypotheses (i) and (ii) I? is a torsion free module of finite rank 
over a commutative ring, and so D is a Pl-algebra. Since the nilpotent radical N of 
D is G— invariant, it is G— graded. Therefore, by strong grading (i), A^ = {NnDf))D, 
so (ii) forces N = 0. We claim that 

(5.1.4) D is a right Goldie ring. 

For, being strongly graded, _D is a projective (hence torsion-free) right Dq— module. 
Thus, as right Do^module, D embeds in the finite dimensional Q{Dq)— vector: space 
DQ{Dq), and (|5.1.4p follows easily. Therefore Goldie's theorem [MR| Theorem 
2.3.6] ensures that D has a semisimple artinian quotient ring Q. The G— action 
on D extends to a G— action on Q, so that Q is a G-graded algebra containing D 
as a graded subalgebra. Since D is strongly G-graded, so is Q, Q = ffi^ggQx- ^^ 
particular, each non-zero element of Q^ is a unit, and no nonzero element of D^ is 
a zero divisor. 

For each x G G, D^ is an invertible Do-module, so QqDx — Qou^ for any nonzero 
element u^ £ D^. Thus QqD = © qQqu^ is a finite dimensional left Qo-vector 
space. Since right multiplication of this space by any non-zerodivisor of D induces 
an invertible map, QoD = Q. Similarly, DQo = Q. Therefore 

Q = ©xgG<3"'"x = ©x6G'"x<3o 

as graded spaces. This also shows that Dq — {0} is an Ore set of D and the associated 
localization of D is Q. Thus we may assume whenever convenient in the rest of the 
proof that Dq = Qo is a field and D = Q is semisimple artinian. 

(a) Since _D is a subring of Eiid{QQ„) = End(Q®") = Mn{Qa) where n = |G|, 
PI-deg(i:') < n. 

(b) For a G Qo, define Hxi^) = u^auT^^. Then k-^ is an automorphism of Qo 
independent of the choice of a nonzero element u-^ e Q-^ ~ QqUx- The map 
K : X ~* '*x iiiduces a surjective group homomorphism from G to K — {k^ \ x G G}. 

Let a € Dq and x S G. From (|5.1.2p with x in D^ we see that 

Kx(a)^x ^ ^x- 
Multiplying this inclusion on the right by D-^ and appealing to strong grading, we 
deduce that K^(a)Z?o Q Da- Thus K^{a) e Dq as claimed. 

(c) Let L be any cyclic subgroup of the kernel of the map from G to K and let 
XL be the generator of L. Let t be the order of P := G/L. For each coset w in P, 
set 

Then D = (BwepCw, and Go is the commutative subalgebra of D generated by Qo 
and u^^ . (Note that u^^ commutes with Qo because xl is in the kernel of G — > K.) 
For each w G P choose x ^ w and 7^ u^ G Q^. Define w^ := w^^, so that 

D = (BwGpCw — (BwePUwCo = (BiepCoUw. 
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Therefore D is strongly P-graded and it is a subring of End(£'c'o) — Mt{Co). Hence, 
PI-deg(L») < t. 

(d) Suppose (1), that PI-deg(i:») = n. Then (2) follows from (c). Suppose (2), 
so that the map from G to ii" is an isomorphism. The center of D is G-graded, and 
ii ^ X e D^ n Z{D) for some 7^ x G G then (|5.1.2[) is contradicted. Therefore 
ZiD) C Qo, and (|5X3ll is clear. Thus (2) imphes (3). 

Suppose now that (3) holds. Since K acts on Qq faithfully, 

Qo = ffi^g_ff(Qo)r;, 

where, by Lemma [2.2[ each {Qo)ri j^ 0. By hypothesis (3) and (|5.1.3p . Z{Q) = 
(Qo)o- Thus rank2(Q) Qo > \K\ — n. Since Q is strongly G-graded, rankg^ Q = n. 
Combining these we have n^ < rank^/g-j Q; thus, by (a) and the definition of the 
PTdegree, PI-deg(D) = PI-deg(Q) = n, showing that (3) imphes (1). 

Assume now that (1), (2) and (3) hold. Then Z{D) C Dq is a domain. This 
implies that D is prime. 

Finally, take D = C[a;^^] with the group G of order 2 acting by a; 1— > —x, to see 
that (4) does not imply (1). D 

Corollary. Assume the hypotheses of Provosition [5!7] above and suppose that 

PI-deg(L') =n= \G\. 

Let K be a subgroup of G and B the subalgebra (B^eKD^ 

(a) The restriction of the automorphisms in G to B induces a group homomor- 
phism f : G ^f Autfe_aig(B) with image L such that L = K. 

(b) B is prime with Pl-degree \K\. 

Proof, (a) It is clear that G acts in B. Therefore L — G/kerf acts on B faithfully. 
By the hypotheses of Proposition [STj \L\ is a unit in k. Hence B — ® ^z^x- ^i^^e 
every character of L is a character of G, B^ — D^ and hence 

^ ^ ®xeL^x = ®xeL^x- 
By Lemma [121 each D^ ^ for aU x e 2. Thus K ^L. 

(b) Since L — K is a. subgroup of G, it acts on Dq faithfully. By Proposition 
\5l\ d) above, B is prime and PI-deg(B) = \K\ = \L\. D 



5.2. The center. We return for the remainder of §5 to the study of a prime afhne 
regular Hopf /c— algebra A of GK-dimension one, with io{A) = n. We assume 
Hvpotheses l2.5f a.b.c.d') (but not (e)). We fix any algebra homomorphism w : A ^ k 
of order n = io{A) as in Hvpotheses I2.5r a.b.c.d) and subgroups G^,G^,G7r of 
Autfc_aig(^), with corresponding fixed rings Aq, Aq and Aq, as in §2. There are 
decompositions 

A — n\ . A'- — /T^ A^ 

which are strong gradings thanks to Proposition 12.21 Let Qg and Qq denote the 
fields Q(^o) and Q(Aq) respectively, and let Qo — Q(^o)- As before, Q will denote 
the simple artinian ring Qi^A). We use k' and k^ to denote the automorphisms 
associated to an element x from G\ or G^ respectively, as defined in (|5.1.2p . These 
form subgroups K\ := {k'^ : x ^ G^} and K^ := {k^ : x ^ G^} of Aut(A[)) 
and Aut(74Q) respectively. We aim to compare the actions of two groups on Aq - 
first, since G^ and Gj^ commute by Proposition 12. If d) . G^ acts on Aq. Denote by 
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p' the resulting map from G^ to Aut(Ao), bearing in mind that p' niay not be a 

monomorphism. The second group acting on Aq is Gjj., acting through the map 
k' to K^. as defined in Proposition IS-lf b) . By Hypotheses I2.5r b) and Proposition 
IS-lf d). k' is an isomorphism. As we now show, these two group actions are closely 
related. Let's write 

Pi, := (p'(G;),^'(G^)) = {Ag:),K)) C AutK); 

notice that we can (and will) mimic this set-up, starting instead from Aq and 
obtaining a subgroup 

of Aut(^5). 

Lemma. Assume Hvvotheses \2.5}f a.b.c.d). Then Z{A) C ^q- 

Proof. By Hvpotheses [2?5l b). Pl-deg(^) = n, and so, by Proposition [5lT d') . Z{A) C 
Aq. Similarly, Z{A) C Aq. Since ^0 = ^0'"' ^O' the assertion follows. D 



Proposition. Assume Hypotheses \2. 5\( a. b. c. d). Retain the notation stated so far 

(a) P^ is abelian, and in fact P^ = K\,. 

(b) The following statements are equivalent: 

(1) Gir\Gi^{i}. 

(2) \G^\ = n\ 

(3) p'(g;) ^Ki^ Pi 
U) Z{A) = A,. 

(5) p^{G'^) = Kl = P;. 

Proof, (a) Let x e G^. Then for all a e Aj, and aU x e ^^ \ {0}, 

(5.2.1) xa ~ K^{a)x. 

Since Gj^ commutes with G^, A' is G^-stable. So we may take x in (|5.2.ip to be 
an eigenvector for G^, say g{x) = ri{g)x for all g E G^. Applying g to (|5.2.ip gives 

r]{g)xg{a) = g{K.^(a))r^{g)x 

for all a G A\. This proves that gK^ = '*x5' ^^^ ^^^ fa:st claim follows. 

Suppose now for a contradiction that K\. ^ P^. Since n is a unit in /s, so is |P^| 
by the first claim, and so 

(5.2.2) Qo = ®,ep;(Q[,), 

with each term ((5o)t( 7^ by Lemma 12.21 Now Z{A) C Aq C Qg by the above 
lemma; moreover Z{A) is fixed by the actions of GJj. and K^. on Qq, the former 
because Z{A) C ^[j = A'^^ , the latter because X^ acts by inner automorphisms 
of Q{A). Thus, with respect to the decomposition (|5.2.2p . Z{A) C (Qq)o- So 
rank2(^)(^Q) > n and therefore rank2(^)(A) > n^, contradicting the fact that 
PLdeg(^) = n. Therefore P^ = K^. 

(b) (1) <^ (2) : This is clear from the definition of G^r. 

(2) =4> (4) : Suppose that |G^| = n'^, so that 

Gtt = G_ X G_, 
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with this group of order n^ acting faithfuUy on A. Define Aij :— A\ n A'^, for 
< «, j < JT- — 1, so, in particular, ^oo = ^o- Hence there is a decomposition 

(5.2.3) ^ = ©^.^^.jg^Ay. 

Since (|5.2.3[) is a refinement of the strong grading A = ® "^g ^i ' '^'-'^' whicli tlie ho- 
mogeneous elements are regular by Proposition [OJa), A is a Gtt— domain. There- 
fore Lemma 12.21 applies, and we conclude that Aij ^ for every (i,j) G G-tt- 
Therefore Aij is a torsion free Z(A)— module of rank at least one. However from 
Hypotheses [23Ub) and the definition of Pl-degree, we know that rank^j^^) {A) = n? . 
Therefore Ta,n\<iz(A){-^ovi) = 1- In other words, Aof)Q{Z{A)) — Q{Z{A)), so Aqq is 
central and the inclusion of Lemma 15.21 is an equality. 

(4) ^ (3) : Suppose that Z{A) = Ao = (A[, )<=■;, so that Z{Q) = Qo = (Qo)'''^'^'^- 
Now the G^— grading of Q is strong, by Proposition 12.21 - equivalently, the non- 
zero elements of each homogeneous component are units in Q. Using this equivalent 
formulation it is immediately clear that Qq is strongly /9'(G^)— graded, so that 

(5.2.4) drniQM) = IPiGDl 
However, since PLdeg(A) — n hy Hypotheses 12 . Sf b) . 

n^ = dimz{Q){Q) = dimQi^(g)(dim2(Q)(Qo)) = n.dimzf^Q){Q[^) = n. dimQo(Q[,). 

Hence dim.Qg{QQ) = n, so (15.2. 4p shows that p' is a monomorphism, as required. 

(3) => (1) : Suppose that p'(G;) = Ki. Recall that K^ acts faithfully on Qj,, 
by Proposition I5.ir d) . Thus our hypothesis says that G^ is acting faithfully on 
A'o = A^'^. It follows that G^ n G; = {1}. 

(4) <^ (5) : This follows from the equivalence of (4) and (3), since (4) is left-right 
invariant. 

D 

Recall that Aq — A-^ is defined in Proposition 12. If g') . 

Theorem. Assume Hypotheses \2.5Y a.b.c.d). Suppose that the algebra homomor- 
phism TT in Huvotheses \2.5\ satisfies the condition G\^ H G^ = {!}. Then Aq = Aq - 
that is, Aq = Z{A) is a Hopf subalgebra of A. 

Proof. By Proposition I5.2r b) above, Z{A) = A^. It remains to show that Aq is a 
Hopf subalgebra of A. Let a e Z{A). Since S{Ao) ~ Aq by Proposition 12. iT e). we 
need only to show that 

(5.2.5) A(a) :=^ai ®a2 e Z(A)®Z(A). 
There is a decomposition 

where A^,, — A^ n A^ . The argument to prove (2) => (4) of Proposition I5.2r b) 
shows that 

A^^^O VxeGi,77e^. 

Now fix ?7 e G^, and let ^ a; £ Aq,,,. By Proposition 12 . iT c) . 

(5.2.6) A(a;)eA[,0A;cQ[,®Q;. 

For all x' G A^ and a' £ Ag, the definition of n'' in Proposition 15. iT b) yields 

(5.2.7) x'a = K^(a')a;'. 
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The left hand entries of A(a) and of A{x) are in the commutative ring Aq, and so 
commute. Applying also ()5.2.7|) to the right hand entries of A(a;), we find that 

(5.2.8) A{x)A{a) = {Id ® K;)(A(a))A(x). 
Moreover, a e Z(A) and A is an algebra homomorphism, so that 

(5.2.9) A(a)A(a;) = A(a;)A(a) 
Next, we claim that 

(5.2.10) A(.x) is a not a zerodivisor in Ai^ A. 

In view of (|5.2.6p . it suffices to show that Q^ ® QJJ \ {0} consists of nonzerodivisors 



in Q (g) Q. As in the proof of Proposition 15. H Qi^ — QqU^ and Q^ = QaUr, with 
u^ and Uri invertible in Q, so it is only necessary to show that the elements of 
Qo ^ Qo\ {0} are not zero divisors in Q ® Q. But Qq ® Qq is a homogeneous 
component of the strongly GJ^ x G^-graded algebra Q ® Q, whose homogeneous 
components have the form Q^ ® Qa = (Qq ® Qo){'^a ® Ufs), with Ua ® up a unit. 
Thus it suffices to show that Qg (^Qq is a. commutative domain, which follows from 
the fact that k is algebraically closed, fVj. This proves (|5.2.10p . With (|5.2.8p and 
(|5.2.9p . this imphes that 

(5.2.11) A(a) = (W®K;)(A(a)). 

Now all the 02 terms in (|5.2.5p are in Aq by Proposition I2.ir c'). Thus it follows 
from (|5.2.1ip that each 02 belongs to {Aq)'^i . Allowing j] to vary through G^, we see 
from (|5.1.3p in Proposition 15. iT d) that all the terms 02 in (|5.2.5p belong to Z{A). 
By symmetry, all the ai terms are in Z{A) also. This completes the proof. D 



6. Classification II: im{H) = io{H) > I 

6.1. Hypotheses and the main theorem. We return in [J6] to the main focus 
of this paper, namely the structure of an affine prime regular Hopf algebra H 
of GK-dimension one, over the algebraically closed field k. Recall the definitions 
of the integral order of H, io{H), and the integral minor of H, im{H), in H2.'3\ 
and i j2.4l As noted in Theorem 12.51 io{H) equals the PI degree of iJ, and so in 
particular is finite, and im{H) is a positive integer dividing io{H). As in ^A.W it 
will be convenient for later steps in the proof to weaken our hypotheses slightly; 
namely, we'll assume Hypotheses 12.51 with the homomorphism tt of Hypotheses 
I2.5r b) satisfying the condition: 

(6.1.1) n:=|G^|>l and GJ, n G; = {1}. 

The main result of this section, which we now state, shows that (|6.1.ip is equivalent 
to io{H) — im{H) : 

Theorem. Suppose (H, n) satisfies Hypotheses \2.5\ and (j6.1.ip . Then H is iso- 
morphic as a Hopf algebra either to the Taft algebra H{n,t,S^) of Examvle \3.3\ 
with gcd(i,ri) = 1, or the algebra B{n,w,S,) in Example \3.4\ As a consequence, 
io{H) ^im{H). 
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6.2. Generators and relations. Fix a primitive nth root ^ of 1 in k, and define 

X e GJr and rj e G^ hy setting 

X(4):=C and v{^l) = C- 

Tfius (5^ = {xM < i < n - 1}, G? = {r;^ I < i < 71 - 1}, and G^ = {x'r]3 \ < 
i^j < "■ ~ 1}: so there are group gradings 

(6.2.1) H = ©^.ggri?i = %.eGs^J = ©o<«j<„-iff,j, 

where Hij = Hi n i?J. The first two of these are strong gradings by Proposition 
12.21 Since we are assuming (|6.1.ip , Proposition I5.2r b) and Theorem 15.21 confirm 
that 

(6.2.2) Z{H) = Ho = Ho = i/oo- 

In particular, this is a Hopf subalgebra of H, and hence is either k[x] or fc[x^^], 



yielding the dichotomy - primitive or group- like - of Definition 14.11 

Note that the discussion in the proof of (2) => (4) of Proposition 15. 2r b) applies: 
Each Hij is a torsion- free - and hence free - ifo-module of rank 1. Fix a generator 
Uij of this free module, for i,j = 0, . . . , n — 1, with mqo = 1- Then part of (|6.2.ip 
can be rewritten as 

(6.2.3) H — (Bo<ij<n-iHo'U'ij = (Bo<ij<n~iUijHQ. 
The definitions ensure that 

S^(ujja) = Cuijtt and S^(uija) = C^u^ja 

for all a € Hq. 

Next we refine the notation for the elements of the groups K^^ and K^^ of (|5.2p . 
Fix a nonzero element x € H[, and define k/ to be the automorphism of Hq defined 

by 

Ki{a) — xax^ , for all a G Hq. 
In view of Proposition (|5.ip (b). for i = 1, . . . , n — 1 and for j = 0, . . . , n — 1, 

(6.2.4) Hi\(a) — Uijau'^^^ for all a e Hq. 

Similarly, choosing any non-zero element t of H^, Kj. is the automorphism of Hq 
defined by k,.(6) — tbt^^ for all b G Hq. Thus for i — 0, . . . , n — 1 and for j — 
l,...,n- 1, 

(6.2.5) 4{h) ^ u^jbu'l for all heH^. 

Set Kl, = {k\) = {k\:Q <i <n~l} imd Kl = (4) = {k^ : < j < n - 1}, 
subgroups of Aut(i/o) and Aut(iJg) respectively. By Proposition I5.2r b) K^^ — 
p\G^) and K^ = p'^{Gl^), (where here, of course, we are carrying over the notation 
p',p'' from H5.2p . This implies that each Hqj (and each Qoj) is a X^-eigenspace. 
Thus there are nth roots of unity in A:, ^; and ^,. say, such that 

iil(uoi)^£,iUoi, and kJ(uio) = frWio- 

Since the actions of K^^ and K^ on Hq and Hq are faithful, by Proposition 15 . 1 T d) . 
£,1 and ^r are primitive nth roots of unity. Using (I6.2.5P and (I6.2.4P , 

UOIUIO = Kj.{uio)uoi = ^rUloUoi = ^rKi (uoi)miO == ^.r^lUQlUlQ. 
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Thus ^r — Cr ■ ^^ ^'^^ ^ := ^r- As ^ and C, are primitive nth root of unity in fc, 
there are integers / and /', coprime to n and with 1 < f, f < n ~ 1, such that 
^ = C^ andC = ^^'. 

Lemma. Retain all the above hypotheses and notation. Let i, i',j and j' be integers 
from {0, 1, . . . , n — 1}. Then 

In particular, Hij commutes with Hi'jr if and only if i'j — ij' = mod n. 

Proof. We can pass to the simple Artinian quotient ring Q{H) of H by inverting 
Z{H) \ {0} = Hqo \ {0}. In this way we see that Q{H) = ®Qij is G^-graded . 

Here, G-^ — G^ x G^ ^ Z„ x Z„, and this a strong grading, since each Qij is a 
one-dimensional vector space over the field Qg = Q{Z{H)), spanned by the unit My 
of Q{H). Working inside Q{H) and multiplying our original choices of the elements 
Uij by non-zero central elements as necessary, we may assume for the purposes of 
the present calculation that Uij — u\qUq^. Since the adjustments are central, this 
will not affect the truth or otherwise of the commutation relations we are trying to 
prove. Now 

u^jUej'iui'j'Uijy^ = {uiaY {uoiY {uiaY (uqi)^ (woi)"-'(wio)"'(^'oi)"-' (uio)"' 

_ fi'j-ij' _ ti'j-ij' 

as required. D 

Proposition. Retain the above hypotheses and notation. Leti,j G {0, 1, . . . , n— I}. 

(a) Conjugation of Q{H) by Uij restricts to an automorphism of H, namely 
{{E'^y{El)-y. That IS, 

for all X G H . 

(b) {a}^)^ {x) — uqixUqi and (S^)-'' = u^qXHiq for all x € H. 

(c) The element uij is normal in H . 

Proof, (a) By (|6.2.3p . H = (BijUijHo and the center Hq is fixed by S; and S^. It 
suffices therefore to show that 

{{Eiy{E:ry{u,,,,)^u,,u,,,,u;^\ 

This follows from the above lemma. 

(b,c) are special cases of (a). D 



6.3. The ideal Jiq. Recall the definition in (|2.3p of the integral annihilator Jiq, 
and recall the comment which follows Hypotheses 12.51 



Lemma. Continue with the notations and hypotheses introduced so far in §6. Let 
i,j G {0,l,...,n- 1}, 

(a) S{HI) = H'^_^ and S{Hij) = H^j,^i, (where the suffixes are interpreted 
mod n). 

(b) Ifi^j thene{H,,)^0. 

(c) e{uu) ^ 0. 

(d) If i ^ i then Hij C Jj^ . 
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Proof, (a) By PropositionEUe), 3(^1)-^ = E^S, so that (S;)-i5 = SE^^. Bearing 
in mind that S is injective, this imphes that S{Hl) = H^li- The second claim fohows 
from the first, since Hij = Hi n i?"". 

(b) Let i,j e {0, 1, ... ,n — 1} and let x e Hij. By Proposition I2.2f a) and its 
right-hand version, A(a;) S Hj (g) iJ[. Therefore, using (a), 

tI III — III 

-J i~j' 

Thus, if I 7^ J, e(x) e i7^ n Hl_^ = {0}. 

(c) Suppose that i = j. By (b) and Proposition 12 . 2f a) . 

(6.3.1) uu =mHo{e(E) Id) o A(u,,) G m^ o (e «) Id)(i?,' «) i7[) = e{H^i)Hl . 

Since if,' = ©ji?ij it follows from (|6.3.ip and (b) that €{Hii) i^Q. But ffij = uuHq, 



e(x) = rriff o (Id ® S) o A(x) £ i/,'i?i, = Hi 



so e(uii) 7^ 0. 

(d) By (b), Hij C kere. But Hij is Gj^— invariant, so it follows that 

H^J C n,>o(S^)''(kere) = J,,, 

the equality being Theorem 12. 3f eV D 

6.4. The twistor. We shall approach the coalgebra and algebra structure of the 
prime Hopf algebra H of GK-dimension one by first studying a finite dimensional 
Hopf factor of H, as follows. By Theorem 15.21 Hq is a central Hopf subalgebra of 
H. Hence there is an exact sequence of Hopf algebras 

-^ Hq -^ H ^ Htw -^ 0, 

where Htw is the Hopf algebra iJ/(kere n Hq)H. We call Htw the twistor of H. 
Recall that, by (|6.2.3|) . H is a, free if q— module of rank n^ on the basis {uij}. 
Clearly, dim^ Htw — n^, with a basis {'yij}o<i,j<ra-i where Vij is the image in Hfw 
of the element Uij for every pair («, j). It will be convenient also to denote the ideal 
(kere D Ho)H of H by Jtw- Note that, by Proposition 12. 3| Jtw C Jig. 

Examples, (a) Let H = H{n,t,£,) be a Taft algebra as in ^3.3\ so io{H) = n. By 
p.3.ip . im{H) = io{H) if and only if t is coprime to n. Replacing g by g* and ^ by 
^' := f*, we may assume that t = 1. The twistor H{n, l,£,)tw of this Hopf algebra 
is then 

H{n, 1, Otw := k{g, x)/{x^ = 0, 5" ^l,gx^ ^'xg), 

with A(g) = g ® g and A(x) =a;(g)(7-|-l®a;. 

(b) Let B — B{n, w, ^) be one of the examples from H3.4\ As noted there, 
Bq = k[x^^], so that Btw = B /{x — 1)B and it follows at once that i?(n, w, S)tw — 
H{n,l,£,)tw 

6.5. Coalgebra structure of Htw- The key to the coalgebra structure rests in the 
comultiplication rules for the basis elements Vij. Now woo = 1 (because uqq = 1) 
and, thanks to Lemma 16.31 after adjustment by suitable non-zero scalars we can 
assume that, in ii, 

(6.5.1) e{u,j)=S,j, 
so that, in Htw, 

(6.5.2) e{vtj) = Sij, 
for alH, j = 0, 1, . . . ,n — 1. 
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Lemma. Continue with the notations and hypotheses of §6. The comultiplication 
A in Htw satisfies the following properties, 
(a) For i = 0, . . . , n — 1, 



A(uij) = Vii (E)Vii +22 



Css^is <i$Vsi, 



s^i 



with cfg = elf for all i ^ s. 

(b) For i, j = 0, . . . , n — 1, with i ^ j , 



A{vi-j) = vu (g) Vij + Vij (g) v-jj + 22 ^li'"is '^ Vs 



for scalars cl^g satisfying the relations 






for all mutually distinct i,j, s,t in {0, . . . ,n — 1}. 
(c) For all mutually distinct i, s,t in {Q, . . . ,n— 1}, 

tt it is ti si 

^ss — ^ssHt — ^ssHt- 

Proof. First, by Proposition I2.2r a) and the fact that Uij G Hij — Hi n i/'", there 
are elements c^^ of k such that for alH. j = 0, . . . , n — 1, 

(6.5.3) A(wij) = ^c^^Vis®vtj. 

s,t 

Fix i, consider (J6.5.3P with j = i, and apply mn o (Id €5 e) and mn o (e ® Id) to the 
right hand side. Since the outcome in both cases is va we deduce from (|6.5.2p and 
the linear independence over k of the Wy that 

(6.5.4) A(wij) = Vii Wii + ^ cl\vis vti. 

s,t^i 

Similarly we have, for i ^ j, 

(6.5.5) '^{vij) = Vii(^Vij +Vij (^Vjj + ^ cJfVis (g)Vtj. 

Applying (Id A) and (A (g) Id) to (|6.5.4p shows that 

(Id®A) o A{vii) = Vii <S) v^i (E)Vii+ '^ clpivii (g) v^i (g) Vpi)+ 

l,p^i 

^ cl\Vis (g {Vtt g) Vti +Vu(»Vii)+ ^ ^ c'j'pClliVis (g Vtl C^Vpi), 
s,t^i l^t^p^i s,t^i 

and 

(Ag)Id) o A{vii) = v^i (g Vii <S)Vii+ ^ C„(wj«) ® Vui g) Vii)+ 

^ cl\{Vis g) Wss + Wji '?)Vis)<»Vu+ ^ ^ CuC"t(^'™ f^ ^ns ® fti). 
s,t^i w^ijU^s s,t^i 

respectively. Using the above expressions and canceling out the equal terms from 
the left-hand and right-hand sides of the equation 

(Id g) A) o A{vu) = (A g) Id) o A{vu) 
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we obtain 

(6.5.6) ^ cl\v,s •» vtt ®vu+ ^ ^ c*pC"tWis ® vu ® Vp^ = 

^ cl\Vis (g) Vss ®Vu+ ^ ^ c'^^cllVii, (g) Vus ® Vti- 

Comparing the terms with Vis '^ vtt '^ vu^ it follows that 

(6.5.7) 4 = 

for all s ^ t. Thus we have proved the first part of (a). 

Substituting (|6.5.7p into (|6.5.6p and re-arranging the indices we have 

y^ y^ C^*C^u,W™ ® Vwl ®Vpi= ^ ^ C^^uCppViw ® Vup <E) Vpi. 

This implies that 

„wi a __ ip a 

^^pp^ww ^ww^pp' 

In proving (b) and (c), let's look first at the case when n — 2. Since wqo = 1, 
c™ — 0. If CqI is nonzero, then c^\^ = c^°„ = for w =?^ u by the first two of the 
above three equations, and so (j6.5.5|) becomes 

A{vij) = Vu (g) v^j + Vij (g) Vjj 

for i ^ j. By comparing (Id g) A) o A(woi) with (A g) Id) o A('yoi) we obtain that 



^00 



^00 



°j = 0, a contradiction. Hence in this case, thanks to (a), vn is a group-like 
element. By (16.5.51) . we have 

A(i;oi) = voo(E)Voi+voi(E>vii+c%voi(g)Voi. 

By comparing (Id g) A) o A(woi) with (A g) Id) o A(woi) again we obtain c^o = 0. 
Similarly, c^i — 0. Thus, in view of (a) and these observations, we have proved that 
wii is a group-like element and that both wqi and wio are skew primitive elements. 
Therefore (a), (b) and (c) hold in the case n = 2. 

We return now to the case where n > 2. Fix i and j with i j^ j- We proceed as in 
the case i = j, between (J6.5.5P and (|6.5.7p : since the arguments are similar we give 
fewer details. Calculating the left-hand and the right-hand sides of the equation 

(Id g) A) o A(wy) = (A g) Id) o A{vij), 

and canceling equal terms (where we omit the detailed expressions), we find that 

(6.5.8) 

y^ ciiv^j g) Vjs g) Vsj + ^ cl^Vis g) {vtt g) Vtj + ^ c2uVtw g" Vuj) 

= X! ^"sVis g) Vsi g) Vij + ^ cl{ {Vis <E)Vss+ ^ CpiV^p g) f/s ) g" Vtj ■ 

By comparing the terms with Vis ®vu®vtj, we see that c^^ = for all s ^t. Hence 
the first claim in (b) follows. Substituting this into (|6.5.8p and deleting the equal 
terms on left and right, we have 

(6.5.9) 
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Comparing the term Vij ® Vji Vij , it follows that 






proving the rest of (a). 

Comparing terms Vij Vjs €5 Vsj for s ^ i,j yields 






Comparing terms Vis (8) fsi (8) % for s ^ i,j we deduce 

Combining the last two equations yields 

(6.5.10) c** = c^^c- = c*;c- 

for all distinct s, t, i. That is, (c) is proved. Finally, by comparing terms Vis'SiVst'SiVtj 
for distinct i,j,s,t, we obtain 

which is the second part of (b). This completes the proof. D 

6.6. Algebra and coalgebra structure of Htw 

Proposition. Keep all the notation introduced so far in J^ The following relations 
hold in Htw 

(a) Let g = vn. Then g" — I and for i — 0,1, . . . ,n — 1, va = g'' . 

(b) For all i, j = 0, 1, . . . , n — 1, with i ^ j , vf^ — 0. 

(c) For all i,j = 0, 1, . . . , n — 1, gvij = S,''~'''^ij9- ^''^ particular, gviQ = ^vi^g 
and gvoi = ^~^voig. 

(d) The element g is group-like in Htw As a consequence 

cl^Q and c^^c- = c*;c- = 

for all distinct s, t, i. 

(e) We may extend the expressions for vu in (a) by defining Vij := g''VQ/j_i\ for 
all i,j, where j — i is to be interpreted modulo n when i > j. Once this is 
done, cl^g — C(s-t)(s-t) ^^^ '^^^ *'.^' '^' ^ 'with i,j and s distinct. 

(f) There exists t coprime to n, 1 <t < n—1, such that k{vQt) contains VQi for 
all i = 0,1, ... ,n — 1. 

(g) As an algebra, Htw is isomorphic to the twistor H[n,l,S,*')tw of the Taft 
algebra, when we take the generators to be y = VQt and g — Vft. 

Proof (a) Since Ht^, is graded, g" e kvQo = k. By (16X21) . e(5") = 1" = 1. Hence 
g^ = 1. In particular, g is invertible. Both 5* and va are nonzero elements in the 
1-dimensional space kvu. Then (|6.5.2p shows that they are equal. 

(b) Let i j^ j. Since Htw is graded, w"- G kvoo = k. The assertion follows from 
(16X2)1 . 

(c) This follows at once from Lemma 16.21 
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(d) By Lemma l63F a) 



Y^ „ii„ 



A(i;ii) = wii 'S'Vii + y c^sVis ® V, 



s^i 



f'si; 



that is, 



where a :— J2sM '^ll'^is '^ ^si commutes with g (^ g hy (c). Since g" — 1, A(5)' 
1 (g) 1. This impHes that 



E 

i=0 



(5®5)"-'a* = l0l 



which is equivalent to 

Since /3 := X;r=2 (")(5 ® ff)""'a*-i is nilpotent by (b) and Lemma O 71(3""^ ® 
(?"~^) + /? is invertible. Hence a = 0, and g is group-hke as claimed. Since vu — vl-^ 
for i — 1, . . . ,n — 1, these elements too are group- like. Hence the remaining claims 
in (d) follow from Lemma lO.Sf c). 

(e) Since the proposed elements Vij are non-zero and lie in the correct sub- 
space, the first part is clear. The second part follows by using Lemma IS.Sf b) and 
the fact that A is an algebra homomorphism to expand the equation A{vij) = 

(f) Set B := [H^ + Jtw)lJtw Then B = eo<i<«-ifcwoj- By (b) and Lemma [Ol 
S is a local ring with Jacobson radical 

J — ®0<t<n-lkvQi ~ {Hq n Jiq) + Jtw/Jtw 

However, i? is a (finite dimensional) factor of Hq, which is a Dedekind domain by 
Hypotheses 12 . Sf c) . Thus i? is a principal ideal ring, and so its radical J is generated 
by the (unique) element vot G J \ J^. By induction, J* — fc(wot)' -I- J'+^ provided 
J* ^ 0. Thus the /c-subalgebra of B generated by vot includes all voi and therefore 
equals B. That is, S = k[y]/{y"-) where y :— vot- It is clear from the grading that 
t must be coprime to n. 

(g) By (e) and (f), Htw is generated by g and y. Our calculations so far show 
that, as an algebra, Htw is a factor of the algebra 

fc(5,y)/(y"-o,5" = i,.gy = r'y5)- 

But this latter algebra is isomorphic to H{n, 1, S.^)tw, and so comparing dimensions 
we see that in fact the two algebras are isomorphic. D 

Retain all the notation and hypotheses of fJHl We can now completely describe 
the twistor of H: 

Theorem. Suppose {H^tt) satisfies Hypotheses \2.5\ and (j6.1.ip . There exists an 
nth primitive root of 1, ^, such that the twistor Htw of H is isomorphic as a Hopf 
algebra to the twistor H{n,l,^)tw of the Taft algebra H(n,l,S.), as described in 
Examples \6.4\ The basis elements {vij : < i, j < n — 1} can be chosen to be 

ig'y^-' i<j, 
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Proof. Let t be the integer determined by Proposition l6.6r f) and let t' be an integer 
such that t' is the multipHcative inverse of i in C„ . We replace tt by its i'th power 
TT**' in G{H°). It is clear that Hypotheses 12.51 and (|6.1.ip hold for this new tt. 
Doing so allows us to assume that y = Wqi. Adjusting g accordingly, we continue 
to take g — vu. By Proposition 16. 6f g). Htw = H{n, l,^)t^ as algebras. Since e is 
already determined by (|6.5.2p . and the antipode, being the inverse of the identity 
map under convolution, is determined by the bialgebra structure, it remains only to 
compare the coalgebra structures. By Proposition l6.6r d) A{g) — g®g, and Lemma 
I6.5r b) shows that 

(6.6.1) A(j/) ^l®y + y®g+ ^ c^^os ®Vsi = \®y + y ® g + {y^ ® y^)f 

where / G Htw <S) Htw ■ The result will follow if we can show that 

(6.6.2) c°] = for all s > I. 

Using (|6.6.ip and the facts that y" — and yg — ^*gy, we calculate that, for all 
1< j < n - 1, 

(6.6.3) A(y^) = l®2/^+2/^®5^ + (VP f C^j g^-') + h^, 



I— 1 ^ ' K 

where the total y-degree of hj is greater than :/ + 1 . Since ^* is a primitive nth root 
of unity, the coefficient 

(6.6.4) c^i = {^ ^^^ 

for all 1 < z < j — 1. It follows from the second equation in Proposition l6.6r d) that 

for all < i < j, proving (|6.6.2p . It is now clear that the final adjustments to the 
choice of basis {wy} can be made as proposed. D 

6.7. Lifting the coalgebra structure. In the previous two subsections we have 
shown that v\\ is group- like and wqi is (wii, l)-primitive. The goal of this section 
is to show that u\\ is group-like and wqi is (un, l)-primitive. 

Recall from 16. 2. "21 that Z{il) = Ha is either k[x] or fc[x''=^]. We shall use z to 
denote x in the first case and a; — 1 in the second case, so that 

JtvjnHo =kereniJo = {z). 

The following is clear: 

Lemma. Suppose (iJ, tt) satisfies Hiivotheses \2.5\ and (j6.1.ip . 

(a) H/z'^H is finite dimensional for all n, and nn>o z^H = {0}. 

(b)H/zH = Ht^. 

(c) Htw/ JcLc{Htw) — Hiq = kZn inhere Jac{ — ) is the Jacobson radical. 

By Proposition I2.2r a) and the fact that HgUij — Hij = Hi n i/J, there are 
elements C^j of Hq ® Hq such that for alH, j = 0, . . . , n — 1, 

(6.7.1) A{u,j) = ^Cllu,s<»utj. 
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Clearly, (e ® e)(C^^) = c^. For C^ = X) c* ® di e i?o «) i?o , let's write [C%]i3 to 
denote the element J^i Ci lE" 1 ® rfi G 7?o ® ^o ® ^o • 

Proposition. Suppose {H,tt) satisfies Hvvotheses \2.5\ and (|6.1.ip . 

(a) The element un of H is group-like. That is, CH — 1 and CH — for all 
(s, t) ^ (1, 1). Furthermore, we may define uu := u\i for alii — I, ■ ■ ■ , n—1, 
so that Uii is group-like for all i — 1, . . . ,n — 1. 

(b) After a possible adjustment, uqi is a (mh, l)-primitive; that is, 

A(uoi) = 1 (X) Uqi + "01 ® "11- 

Proof. Let C*j be defined as in (|6.7.ip . We will repeat some of the computations 
in (|6.5p and (|6.6p to prove the following preliminary steps towards (a) and (b): 

(6.7.2) [(A ® l)C:^][Cr^ ® 1] = [(1 ® A)C^^][1 ® Cf/] 
for all i, j, s, i, a,/3; 

(6.7.3) (e ® 1)C;| - 1 and (1 ® e)C;^. - 1 
for all i and j; 

(6.7.4) (e ® 1)C^^' = and (1 ® e)C^^ = 
for all i, j, s, t with s ^ t; 

(6.7.5) Cll=0 
for all i, j, s, t with s ^ t; 

(6.7.6) C],^ = /or all s ^ I, so A(uii) = CHun ® un. 
Proo/ o/ (|6.7.2p : Applying (A «) 1) and (1 (g) A) to (|6.7.ip we have 

(A (g> l)A{uij) = ^[(A ® l)Ci{][Ci'p (g) l]u,a «) u/3^ (E> utj] 

(1 (g) A)A(uy) = ^[(1 ® A)C;y [1 (g) Cf/]M,a (g M/3s fg utj. 

Now (|6.7.2p follows from the above equations and the fact that (A g) 1) o A — 
(l(g A) o A. 

Proof of (|6.7.3p : Bv definition and Lemma l^TM a.b). (egie)(C*|) = cf- — 1. Hence 
w := (e g) l)(C*j^) is nonzero. Applying e (g e (g 1 to (|6.7.2p with a = f3 — s — t — i 
and using the fact that (e g) 1) o A(c) = 1 g) c, we obtain 

[{l®e® 1)(1 C«)][((6 ® e)Ct) ®l]^[{e®l® l)[qf ]i3][(e ® e ® 1)(1 ® Cf)]. 
Since (e g) e)Cj" = c^,- = 1, the above equation reduces to 

l(gu; = (1 g) w)(l ®w), 

and since iJo ® Hq g) iJp is a domain, w = 1. The second equation (1 (g e)C,!'? = 1 
follows by symmetry. 

Proof of (I6.7.4P : Applying 1 g) e g) e to (I6.7.2P with a = /? = s 7^ f, we find that 

[(10 1® e)([C:i]i3)][(l ® e){Cll) ®l] = [{l®e® l)(C:i ® 1)][1 ®{e® e){Cli)]. 

By (I6T31) (1 (g e)(C^J) = 1 and by Lemma[ma,b), (e (g e){Cll) = c^l = 0, since 
s ^ t. Therefore (1 (g 1 (g e)(K^']i3) = 0; that is, (1 (g e){Cli) = for all i,j,s,t 
with s y^ t. This is the second equation in (j6.7.4p . The first one can be deduced 
similarly. 
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Proof of (I6.7.5P : Applying 1 e ® 1 to (I6.7.2P with a^ (3 = s = t, yields 

[C:i]i3[(l ® e){CZ) 1] = [C^]i3(l ®{e<E> l)(C|i)). 

Since (l®e)(C^^J = by (j^T:!) and (e®l)(C|J) = 1 by (ISZ3, we have [C'J^]i3 = 0. 
This is equivalent to C^^ — 0. 

Proof of dSZll): By (jHT^H A(uii) = ^^ Ci>i« (g) u.i. Let p, = C'llui^ u,i 
and p = J2sPs- Thus each p^ is homogeneous in His 'S> Hgi and so Ps commutes 
with pgi for all s,s' by Lemma 16.21 Suppose that Ps =/= for some s ^ 1, and fix 
TO > 1 such that the image of Ps is non-zero in B := H/{z"^) ^ H/{z"^), using 
Lemma f6.7r a). To keep the notation within reasonable bounds we shall use the 
same symbol in what follows for the images of elements in _B, as for the elements 
themselves \n H ® H. Since the image of C\l in H/{z) H/{z) = Htw ® Htw is 
1 (g) 1 by Proposition (I6.6|l (d). CH is invertible in B. On the other hand, for all 
s 7^ 1, the image of C^ in Htw ® Htw is by Proposition 16 . Of dl . so the image in B 
of Cls is in the Jacobson radical J := Jac{B) for all s > 1. Let w be the maximum 
integer such that Cl} G J™ for all s 7^ 1. Fix i, 1 < i < n ~ 1. Because m"i £ Hq, 
p" = A{uii) e Ho<E)Ho. Considering H(E)H a.s a (Z„) ^''-graded algebra, the degree 
(0, i, i, 0) part of p" is 

"-Pl^Vt+l + fi{Ps) 

where fi is a polynomial in {ps '■ < s < n— 1} whose total degree mpQ,p2, ■ ■ ■ ,Pn-i 
is at least two. But p" € i^o ® Hq, and so p" is homogeneous of degree (0, 0, 0, 0). 
It follows that np"~^pi-|_i + /^(ps) = for all z = 1, ..., n — 1. Therefore 

nprV.+i - -/. e J''"; 

that is, 

p,+i = {nprYH-f^) e ^'"', 
for all i y^ 0. This is a contradiction to the definition of w. Therefore Ps — for all 
s ^0. In other words, C^^ = for all s 7^ 1. 
Now we are going to prove (a) and (b). 

(a) Recall that e(uii) = 1 and Hq is the center of H. By (|6.7.5p and (|6.7.6p . 

1 = e(Mii) = mHo{S^l)oA{uii) = mH[{S®l){Cll){Siuii)(x)uii)] = fS{uii)uii 

where / = mn o (5 (g) l)(Cll). Hence uu is invertible. 

Since uu is invertible, so is A(wii), and thus CH is invertible. Since CH £ 
Hq (3 Hf), and Hq = k[x] or Hq = k[x^^], there is a non-zero scalar a such that 
Cll = a in the first case or ax* g) x^ in the second case. It follows from 

(e ® 1)A(mii) == uii = (1 (g) e)A(Mii) 

that a = 1 in both cases and i = j = in the second case. Thus CH = 1. The rest 
of (a) is clear. 

(b) We claim first that 

(6.7.7) A(woi) = C°^uao ® moi + C°luai ® un. 

If n = 2, (|6.7.7p follows from (|6.7.5p . Suppose now that n > 2, and let i ^ j- Set 
s — t j^ j and a = /3 = j in (|6.7.2p to see that 

[(A ® i)c:i][q^ ® 1] = [(1 ® A)c;j][i cfi], 

and this is zero because C|^ = by (a) . Since Hq ® Hq (E> Hq is a domain, either 
C]i = or q^ = 0. However, by Proposition ESle) and (l6X4)l . C]^ 7^ for aU 
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i < s < j. Therefore C]^ = for all i < s < j. In particular, Cjj = for all j > I, 
so that (|6.7.7|) is proved. 
Next we claim that 

(6.7.8) C^^ = C'll = 1 ® 1. 

l)A(woi) with (1 ® A)A(moi) we obtain the following three aqua- 

(A ® l)C°o^ = [(1 ® A)C°i][l ® C°o^]; 
l)C?i][C°i ® 1] = [(1 A)C°oi][l C°i]; 
l)Ci"i][C°i®l] = (l®A)C°i. 

Recall once again the dichotomy of ()6.2.3|) : Hq is a central subHopf algebra, 
either Hq = k[x] or i/o = fc[a;^i]. For / e i?o ® -ffo or / e iJo (8 i?o ® -f^o, write 
(i(/) and d{f) for the degree of / with respect to a; (g) 1 and 1 (^ x respectively in 
the first case, and with respect to a; ® 1 (8) 1 and 1 (g) 1 a; respectively in the second 
case. Write Cqq = J2i j O'ij^^ ® x^ where aoo = cfl = 1. 

Case 1: Primitive case: Suppose that Hq = k[x], with x primitive. Now (J6.7.9P 
becomes 

^ Oij (x (g) 1 + 1 (g) xf (g) x^ = [^ flijx' (g) (x (g) 1 + 1 (g) x)^][^ a^T (g a;* g) x^]. 

It follows that d{C^l) = d{CS^)+d{CS^), so that 9(C^i) = and C^o^ = X^i aia;*(gl. 
In this case, writing h :— J^i ca^^, (|6.7.9p simplifies to 

A{h) = (ft. «) 1)(1 g) /i) = ft, g) /i. 

But the only group- like element in k[x] is 1, so that Cqq = 1. A similar argument 
shows that C°J = 1, and so (|6.7.8p is true in the case Hq — k[x]. 
Case 2: Group-like case: Suppose that Hq = fc[x ], with x group-like. Since we 
can switch x and x~^ we may assume that 9(Cqo) > 0. In this case (|6.7.9p becomes 

y^ Gijix g) a;)* g) x^ = [^ GijX^ g) (a; g) a;)''][^ Uijl (g a:' (g x^]. 

Again d{f) — 2d{f) and hence d{f) — 0. This says that there is no positive power of 
X in the second component. Replacing x with x~^ we deduce that / — J2i '^i^^ ® 1 
and, as in the primitive case, h := ^^ a^a;* is group-like. Therefore ft = a;* and 
Cqo = a;* g) 1. Replacing mqi by uqix~'^ we have Cqo = 1. A similar argument 
involving (|6.7.1ip implies that C^l = a;* g) 1. Then (|6.7.10p forces s = and the 
proof of (|6.7.8p is complete in this case also. D 

Theorem. Suppose {H, tt) satisfies Hypotheses \2.5\ and (|6.1.ip . Retain all the 
notations introduced so far in ^6 for H ; so, in particular, H is a free Hq~ module 
with basis of G':^xG^ — eigenvectors {uij : < i,j < n— 1}, and after Proposition \6. 7| 
Moo = 1, Uii = u\i is group-like for i = 1, . . . , n — 1, and uqi is (ttn, 1)— primitive. 
Then, after multiplying as necessary by units of Hq, we can assume that Uij = 
u\iUqi^ for all i < j, and Uij — u\iUqi "' * for i > j. In particular, therefore, 

A(woj) = X! ( ) "0" ® ""J 
and Cli — cl{l (g 1 for all i,j, s. 
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Proof. Define Uij := u\iUqi^ for i < j and Uij :— u\iUqi ■'"* for i > j. Thus, by 
Proposition [6J1 

(6.7.12) A(uoj) = ^ I ) uos<^Usj. 

We show first that there are units fj G -ffo such that uqj = uoj/j for j ~ 
0, . . . , n — 1. Since uqj G Hqj there are certainly fj G Hq such that these equations 
hold. Then 

(6.7.13) A{uoj) = A{uo,f,) = (^ C'juos ® Us,)A{f,). 

s 

As in the proof of (j6.7.6p . these expressions are Z^— graded. Equating the degree 
(0, 0, 0,j) parts of the two expressions (|6.7.12p and (|6.7.13p for A(-uoj), 

(6.7.14) 1 «> /j = C°i^ A(/,) eHo(g> Ho. 
Comparing degrees 9(— ) in I (g) x in (|6.7.14p gives 

9(l®/,) = 9(C°^) + a(l®/,), 

since 9(1 ® fj) — d{A{fj)) whether Hq is k[x] or fc[a;*^]. Therefore Cqq = ft,® 1 for 
some h ^ Ho, which is non-zero since (e ® e){Coo) = 1 1 by (I6.6.3p . Substituting 
this in (I6.7.14P and applying 1 ® e, we deduce that e(/j) j^ and then that fj is a 
unit of Ho . 

Thus fj is either Xj or Xjx'-\ where Xj & k \ {0} and Ij G Z, depending on 
whether Hq is fc[a::] or /c[a;*^]. For each j — 0, . . . ,n — I, consider the image of the 
equation 

Uoj = U^oi = ^Ojfj 

in Htw, where it yields 

I'oi = voj£{fj) == VQi^ifj), 
in view of the final statement in Theorem (|6.6p . Hence 



so that Xj — 1. Second, in the case where Ho — k[x ], we can now replace 
uoj ~ UqiX^''^ by uojx''^ — Uq^^, as required. 

Now let j > i > 1, and consider mhUq^*; since Hij ~ UijHo, we can write 

i j — i r 

UiiUqi — Uijjij 

for some /y G Ho. Thus 

^o{j-i) = "oi'^o — u^-luijfijHa, 

so that fij must be a unit of ifo. Therefore u\iUqi^ Ho ~ Hij, so we can replace 
our initial choice of Uij with 



i J— I 

Uij :— UiiUqi , 



as claimed. A similar calculation applies when i > j. □ 
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6.8. Primitive case. 



Proposition. Assume (i?, tt) satisfies Hvvotheses \2.5\ and (j6.1.ip . Suppose that H 
is primitive - that is, the Hopf subalgebra Hq = Z(H) is a polynom,ial algebra k[x\. 
Then H is isomorphic as a Hopf algebra to the Taft algebra H{n,t,^) of Example 
\3.3\ with gcd(i, n) = 1. 



Proof. By Proposition 16.71 g := un is group-like and y := ugi is (5, l)-primitive. 
Since tlie only group-like in Hq is 1, t;" = 1. By Lemma (|6.2|) and the quantum 
binomial theorem, y" is primitive. Up to a nonzero scalar the only primitive element 
in Hq is a;, so we may assume that y" — x. It then follows that there is a Hopf 
algebra homomorphism : H{n,t^^) — > H. By Theorem 16.71 H is generated by g 
and y, both in the image of 0, and hence is surjective. Since both H{n, t, ^) and 
H are prime of GK-dimension 1 , i/i is an isomorphism. D 

6.9. Group-like case. 

Proposition. Assume that {H,Tr) satisfies Hypotheses \2.5\ and (j6.1.ip . Suppose 
that H is group-like - that is, the Hopf subalgebra Hq = Z{H) is a Laurent poly- 
nomial algebra k[x ]. Then, for appropriate ^ and w, H is isomorphic as a Hopf 
bra to one of the algebras B(n,w,^) of Example \3.4\ 



Proof. By Proposition 16. 7( g := un is group-like and y := uqi is (5, l)-primitive, 
and these elements together with x generate if as a fc— algebra by Theorem [6771 By 
the Cn X C„— grading of H, g" is a group- like element in Hq — Hqq, and so there is 
a w > such that g" — x™, (noting that we can replace a; by x^^ if w is negative). 

Suppose for a contradiction that w = 0. Then g" — 1 and hence y" is a primitive 
element as in Proposition 16.81 But Hq has no primitive elements, so we have a 
contradiction. Therefore we can assume that u; > 0. 

By Lemma 16.21 yg = C^gy where gcd(a,7i) — 1. This implies that y" is a 
(5", l)-primitive element in Hq. Therefore, after dividing if necessary by a non-zero 
scalar. 

Therefore, in view of Theorem 13. 4r c). there is a Hopf algebra homomorphism (/> : 
B{n,^,w,iQ) -^ H given hy (/) : x —> x,y —> y,g —> g where ^ = C"^. Since H 
is generated by x ,g,y, cj) is surjective. However, both B and H are prime of 
GK-dimension 1, so (^ is an isomorphism. D 



The Main theorem 10.51 follows from Theorem 14.11 and Propositions 16.81 and 16.91 
The statement in the abstract is an immediate consequence of the Main Theorem. 

Corollary. Let k be an algebraically closed field of characteristic zero. Let H be 
an affine prime regular Hopf algebra of Gelfand-Kirillov dimension one. If the PL 
degree of H is 1 or prime, then H is isomorphic to one of the examples listed in 

m 

Proof. Since n := io{H) is equal to the Pl-degree of H, n is either 1 or prime. Since 
im{H) is a divisor of io{H), im{H) must be either 1 or n. The result follows from 
the Main Theorem. D 
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7. Questions and conjectures 

7.1. The most obvious question arising from this paper, one which we hope to 
address in the future, is: 

Question. Is Theorem lO.SI vahd without the hypothesis that im{H) is 1 or io{H)l 

7.2. The hypotheses - prime versus semiprime. Suppose H \s & semiprime 
regular Hopf algebra of GK-dimension 1 over an algebraically closed field k of 
characteristic 0. By jBGl, Theorem A] iJ is a finite direct sum of prime algebras, 
each of them having GK-dimension 1 because of the Cohen-Macaulay property. It 
thus seems reasonable to ask: 

Question. What are the Hopf algebras H which satisfy (H), but with prime weak- 
ened to semiprime? 

Of course, it may be easier to tackle this question first in the case where im{H) 
is 1 or io{H). 

Since H is a, direct sum of prime rings, there is exactly one minimal prime ideal of 
H - let's call it P - contained in ker e. It is shown in (LWZi Theorem 6.5 and Lemma 
5.5] that H := H/P is a Hopf algebra, and indeed satisfies all the hypotheses (H). 
Moreover io{H) — io{H) and im{H) — im{H). It's conjectured in [LWZi remark 
6.6] that there is a short exact sequence of Hopf algebras 

— > K — > H — >H — >Q. 

Here, K = H'^°^ , the coinvariant subalgebra, and K is conjecturally a normal finite 
dimensional Hopf subalgebra of H; if this is true, then it's easy to see that K must 
be semisimple artinian. 

7.3. The hypotheses of the main theorem, (i) The characteristic of k: The 

assumption that k has characteristic is needed to ensure that io{H) is a unit. This 
hypothesis is not a consequence of the others in (H), and without it the theorem 
is false, as is shown by the example in Remarks (12.31) B(a). We can thus ask: 

Question. What are the noetherian prime affine Hopf fc-algebras H over an alge- 
braically closed field k, with GKdinii/ = gldimiJ = 1? 

(ii) The algebraic closure of k: When k is not algebraically closed there are in 
general other 1-dimensional commutative Hopf fc-domains, besides k[x] and fc[a; ], 
pVZl 8.3]. Therefore we ask: 

Question. How should the main theorem be amended if k is not algebraically 
closed? 



(iii) Regularity of H: The non-regular generalised Liu algebras found in (|3.4p 
demonstrate that the remaining hypotheses in (H) do not imply that H has finite 
global dimension. Here is another example. 

Example. Let n,po,pi,- ■ ■ ,p2 be positive integers and q ^ k^ with the following 
properties: 

(a) s > 2 and 1 < pi < p2 < ■ ■ ■ < Ps] 

(b) pq I n and pQ,pi,- ■ ■ ,ps are pairwise relatively prime; 

(c) g is a primitive i?-th root of unity, where i = {n/po)piP2 ■ ■ -Ps- 
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Set rrii — p^^ 0^=1 Pj f'^'' « = 1, • ' ' i s. Let A be the subalgebra of k[y] generated 
by Hi := J/'"' for i = 1, • • • , s. The fc-algebra automorphism of k[y] sending y i—> qy 
restricts to an algebra automorphism of A. There is a unique Hopf algebra structure 
on the skew Laurent polynomial ring B = A[x^^; a] such that x is group- like and 
the 2/i are skew primitive, with 

A(2/,) = y, ® 1 + a:"'" «) yi 

for i = 1,- ■ ■ ,s. It was checked in [GZl Construction 1.2] that this is a Hopf PI 
domain of GK-dimension two, and is denoted by B{n,pQ,pi, ■ ■ ■ ^ps,q). 

The Hopf algebra B has infinite global dimension, therefore provides a negative 
answer to Broj Question K] (see [GZ| Remark 1.6]). 

Now let H be the quotient algebra B/{x^ — 1) where H — {n/po)piP2 ■ ■ -Ps- Since 
group-like elements a;^^ generate a central Hopf subalgebra of B, (x^ — 1) is a Hopf 
ideal and hence H is a quotient Hopf algebra of B. 

We claim that H is prime of Gelfand-Kirillov dimension one, but not regular. 
As an algebra iJ is a skew group ring A * Z/(£), whence is semiprime by |Mo[ 
Proposition 7.4.8(1)]. Since I is the order of g, the center of H is k[y^] which is 
a domain. Hence H is prime. Since A is not regular and A * Z/{t) is strongly 
Z/(£)-graded, A * Z/(£) is not regular. Finally GKdimiJ = GKdim A = 1. 

Up to date, we do not know other examples of non-regular prime Hopf algebras 
of GK-dimension one. Hence we should ask: 

Question. What other Hopf algebras have to be included if the regularity hypoth- 
esis is dropped from the main theorem? 

7.4. GK-dimension greater than one. Beyond GK-dimension one, there is no 
doubt that many classes of examples remain to be discovered. Of course not every 
noetherian Hopf algebra of GK-dimension 2 satisfies a polynomial identity: consider 
the enveloping algebra of the 2-dimensional non-abelian Lie algebra, over a field of 
characteristic 0. A few new examples of noetherian Hopf algebras are given in |GZ| . 
However, simply because we don't know many examples, we ask: 

Question. Does every noetherian Hopf fc— algebra of GK-dimension 2 satisfy a 
polynomial identity if k has positive characteristic? 

In arbitrary characteristic, one could start by considering the Hopf algebra case 
of Small's famous question 

Question. Is every noetherian prime Hopf fc— algebra of GK-dimension 2 either PI 
or primitive? 

Simply for completeness and to emphasis the fact that much remains to be 
understood about the classical components, we restate the question from Remark 
(E3DB(b): 

Question. If A is an AS-Gorenstein noetherian Hopf algebra with a bijective an- 
tipode, is the center of A contained in its classical component? 
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